Representation Theory over Tropical Semifield 

and 

Langlands Correspondence 

Anton A. Gerasimov and Dimitri R. Lebedev 

Abstract. Recently we propose a class of infinite-dimensional integral representations of clas- 
sical gl£ +1 -Whittaker functions and local Archimedean local L-factors using two-dimensional 
topological field theory framework. The local Archimedean Langlands duality was identified in 
this setting with the mirror symmetry of the underlying topological field theories. In this note we 
introduce elementary analogs of the Whittaker functions and the Archimedean L-factors given 
by C/^+i-equivariant symplectic volumes of appropriate Kahler L^+i-manifolds. We demonstrate 
that the functions thus defined have a dual description as matrix elements of representations of 
monoids GLe+i(1Z), 1Z being the tropical semifield. We also show that the elementary Whittaker 
functions can be obtained from the non- Archimedean Whittaker functions over Q p by taking 
the formal limit p — > 1. Hence the elementary special functions constructed in this way might 
be considered as functions over the mysterious field <Qi. The existence of two representations 
for the elementary Whittaker functions, one as an equivariant volume and the other as a matrix 
element, should be considered as a manifestation of a hypothetical elementary analog of the 
local Langlands duality for number fields. We would like to note that the elementary local 
L-factors coincide with L-factors introduced previously by Kurokawa. 



1 Introduction 

We introduce a simplified version of the local Archimedean Langlands correspondence as a cor- 
respondence between various integral representations of a class of special functions. Under the 
local Langlands correspondence below we will understood a duality relation between various rep- 
resentations of a class of special functions including local L-factors and the Whittaker functions. 
This new setup arises quite straightforwardly out of an approach to the Archimedean Langlands 
correspondence on the level of special functions proposed recently [GL06], [GL07], [GL08] (see 
also [G] for a general overview). It was argued in op. cit. that the Langlands duality between 
two constructions of the local Archimedean L-factors can be considered as an instance of a duality 
between infinite-dimensional equivariant symplectic geometry and finite-dimensional complex ge- 
ometry (for generalities on the Langlands correspondence see e.g. [ABV], [B], [L]). Thus the proper 
setting for Archimedean Langlands duality is the mirror symmetry of two-dimensional topological 
field theories. In particular two dual constructions of the local Archimedean L-factors have a clear 
interpretation in terms of mirror dual two-dimensional topological field theories. 

It is known that one of the consequences of Langlands duality is the existence of two mutually 
dual constructions of Whittaker functions (see [Sh], [CS] for the non- Archimedean case and [GL03], 
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[GL04], [GL05] for the Archimedean case). As was demonstrated in [GL08], the topological field 
theory approach can be successfully applied to description of the duality pattern. The Langlands 
dual constructions of the g- Whittaker functions arise while calculating correlation functions in mir- 
ror dual topological field theories of type A and type B. In type B topological field theory the 
correlation function reduces to a finite-dimensional integral which can be identified with an integral 
form of a matrix element of an infinite-dimensional representation of the Lie algebra g. On the 
other hand the integral representation arising in type A topological field theory is given by an 
infinite-dimensional integral over the space of holomorphic maps of a two-dimensional disk D into 
a flag space G y / B y where the Lie group G v is dual to the Lie group G, Lie(G) = g, and B v C G v 
is a Borel subgroup. In the proposed interpretation the infinite-dimensional integral representation 
of the Whittaker function is identified with the arithmetic side while the finite-dimensional integral 
representation is identified (via relations between matrix elements of an infinite-dimensional repre- 
sentation of the dual group) with the representation theory side of the Langlands correspondence. 

In this note we define a simplified version of the Archimedean Langlands correspondence for a 
class of special functions obtained by replacing two-dimensional topological field theories by zero- 
dimensional ones in the constructions of [GL06], [GL07],[GL08]. As a result, this simplified version 
of the Langlands correspondence is formulated purely in terms of finite-dimensional geometry. We 
use the adjective "elementary" for constructions arising in this simplified setting. Note that the two- 
dimensional topological field theories involved have an S^-equivariance parameter h for which the 
aforementioned reduction to zero dimensions naturally arises in the limit h — > oo. This parameter 
can also be easily identified in the standard integral representations for the Whittaker functions. In 
this note we mostly avoid topological field theory considerations by taking the limit K — > oo in the 
explicit integral representations for the Whittaker functions [KL], [Giv]. All the standard properties 
of the Whittaker functions have their elementary counterparts. For instance, the property of g^ + i- 
Whittaker functions to be a common eigenfunction of gl^ +1 -Toda chain quantum Hamiltonians is 
replaced by the property of the elementary g^ +1 - Whittaker function to be an eigenfunction for a 
quantum billiard associated with gl^, 1 . We show that the elementary gl^ +1 -Whittaker function is 
the C/^+i-equivariant symplectic volume of the flag space GLg+i/B. The dual description is a matrix 
element of a representation of the monoid GLi + i(1Z) where 1Z is a tropical semifield. Note that the 
appearance of the tropical monoid in the elementary setting is directly related with the role played 
by the monoid of positive elements of GL^ + i in the Givental type integral representations of the 
Whittaker functions [GKLO], [GLOl]. Thus the elementary version of mirror symmetry, relating 
equivariant symplectic volumes of flag spaces GLi + i/B and matrix elements of representations of 
dual Lie monoids over tropical fields, provides an elementary analog of Archimedean Langlands 
duality. More generally the elementary Langlands correspondence for Whittaker functions relates 
symplectic finite-dimensional geometry of the flag spaces G/B and representation theory of tropical 
monoids associated with dual reductive groups G y . All the results of [GL02], [GL06], [GL07], 
[GL08] have their counterparts in the elementary setting. In particular we provide mutually 
dual descriptions (i.e. in terms of finite-dimensional symplectic geometry and in terms of tropical 
geometry) of the eigenfunction property of the elementary g^ +1 - Whittaker functions with respect 
to an elementary version of the Baxter operators [GL02]. The corresponding eigenvalues are given 
by elementary analogs of local L-factors having both a representation as an equivariant symplectic 
volume and as an integral over the tropical semifield. 

Construction of the elementary Langlands correspondence reveals the fundamental role of ge- 
ometry over tropical semifields as a dual description of the finite-dimensional symplectic geometry. 
The notion of a tropical semifield was first proposed by Maslov as a "dequantization" of real num- 
bers in his study of classical asymptotics of quantum amplitudes (see [MS] for detailed explanations) 
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and has appeared (under various names) in various branches of Mathematics and Physics. Tropical 
geometry, i.e. geometry over tropical semifields, has, for example, been applied to study mir- 
ror symmetry of Calabi-Yau manifolds (the Berkovich geometry approach due to Kontsevich and 
Soibelman [KS], asymptotic analysis of Fukaya [F]), and to counting complex curves in algebraic 
manifolds by Viro, Mikhalkin et al (see e.g. [IMS]). See also [GKZ], [Mi], [EKL] for discussions of 
tropical geometry as a limit of real geometry in the case of toric manifolds. 

The meaning of the elementary Whittaker functions can be partially elucidated using the q- 
deformed Whittaker functions [GL03], [GL04], [GL05]. These functions provide an interpolation 
between classical g^ +1 - Whittaker functions and their non-Archimedean analogs. The elementary 
0^+i-Whittaker functions can be obtained from the (/-deformed gl^ +1 - Whittaker functions in two 
different ways. One can first consider a limit corresponding to classical g(^ +1 - Whittaker func- 
tion [GL09] and then obtain, by further degeneration, the elementary g[^ +1 - Whittaker functions. 
Equivalently one can first take a limit of the g-deformed gt^ +1 -Whittaker functions leading to the 
non-Archimedean g(^ +1 - Whittaker functions over Q p . The elementary g(^ +1 - Whittaker functions 
are then obtained by taking a formal limit p — > 1. The last limit has a simple explanation based 
on the Shintani-Casselman-Shalika formula [Sh], [CS] expressing the non- Archimedean Whittaker 
functions in terms of characters of finite-dimensional irreducible representations of the dual group. 
According to the Kirillov philosophy (see e.g. [K]), characters of finite-dimensional irreducible 
representations of compact Lie groups admit a limit expressed as an integral over corresponding 
coadjoint orbit. This limiting representation is precisely the expression of the elementary Whit- 
taker functions as equivariant symplectic volume integrals obtained in the limit p — >■ 1. Taking 
the limit p — > 1 as a way to produce the elementary analogs implies that tropical geometry should 
be considered as an effective description of geometry over a mysterious field Qi. It is known that 
amoebas, defined in [GKZ], for variety over non-archimedean fields are identical to tropicalizations 
of the varieties over complex numbers [Mi], [EKL]. Recently in [CC], among other things, the limit 
of Q p for p — > 1 was also discussed and the relation with tropical semifields is stressed. Although 
there is an obvious similarity with our considerations, we should note that in contrast to [CC], we 
treat the tropical semifield as a universal target of the valuation map while Qi being surjectively 
mapped (as multiplicative monoid) onto tropical semifield TZ can have a larger kernel. We also 
should note that elementary L-factors coincide with the L-factors introduced by Kurokawa [Ku] 
(see also [Ma]). 

Let us note that the relation between quantum billiards and equivariant symplectic volumes 
is a consequence of the general description of the equivariant cohomology of flag manifolds in 
terms of representation theory of nil-Hecke algebras [BGG], [KK] (see also [CG], [Gi] for reviews). 
This points to a hierarchy of generalizations of the results of [GL06], [GL07], [GL08], and of the 
present article associated with multidimensional analogs of Hecke algebras (for the theory of double 
Hecke algebras see [Ch]). As a simple straightforward generalization one can consider elementary 
analogs of spherical functions and their connection with representation theory of graded affine 
Hecke algebras. Thus elementary analogs of GL^ +1 -spherical functions have two dual descriptions. 
On the one hand they can be expressed as S 1 x L^+i-equivariant symplectic volumes of cotangent 
bundles T*B where S 1 acts on the fibres of the projection T*B — > B. On the other hand elementary 
spherical functions can be realized canonically as spherical functions on the tropical monoid G v (TZ) . 
An elementary analog of the Calogero-Sutherland integrable systems (i.e. an integrable system such 
that spherical functions are common eigenfunctions of the corresponding quantum Hamiltonians) 
are systems of quantum particles with delta-function interactions (also known as Yang systems, 
see e.g. [HO]). The Hecke algebra description, generalizing the discussion in Section 6, is given in 
terms of the G x C*-equivariant K-theory Kg{B) and the graded affine Hecke algebra T-L(G). Many 
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other examples of these constructions are known (see e.g. [CG]). We defer detailed discussions of 
the case of spherical functions and other generalizations for another occasion. 

In this note we introduce an elementary analog of a particular manifestation of the local Lang- 
lands correspondence expressed as a relation between various representations of special functions 
e.g. the Whittaker functions. We expect that this can be generalized to an elementary analog of the 
full-flagged local Langlands correspondence between admissible representations of local reductive 
groups G{K) and admissible representations of the Wcil-Dclignc group Wk factored through the 
homomorphism of Wk into dual reductive group L G. Let us stress that the proposed elementary 
version of the local Langlands correspondence might be useful for understanding classical Langlands 
correspondence. In particular one can expect Langlands functoriality to be more accessible in the 
elementary setting. 

The plan of the paper is as follows. In Section 2 we recall relevant facts about classical 
0^ + i-Whittaker functions, local Archimedean L-factors and Baxter integral operators. We also 
briefly discuss a topological field theory interpretation of a class of Whittaker functions and lo- 
cal Archimedean L-factors following [GL06], [GL07], [GL08]. In Section 3 we define elementary 
analogs of g[^ +1 - Whittaker functions, local Archimedean L-factors and of Baxter integral opera- 
tors. It is argued that the quantum billiard associated with the root system of 0^ + i plays the role 
of an elementary analog of the g^ +1 -Toda chain. In Section 4 we demonstrate that elementary 
Whittaker functions can be obtained as a limit of a specialization at q = of the (/-deformed 
0^ + 1- Whittaker functions introduced in [GL03], [GL04], [GL05]. In Section 5 elementary analogs 
of classical functions are identified with equivariant symplectic volumes. Thus the g^ +1 -Whittaker 
functions are identified with L^+i-equivariant symplectic volumes of the flag spaces GL^ +1 (C)/L? 
and elementary L-factors associated with standard representations C^ +1 of 0^ + i are identified with 
L^ + i-equivariant symplectic volumes of C^ +1 . We also provide a symplectic geometry interpretation 
of the eigenfunction property of an elementary Whittaker function with respect to an elementary 
analog of the Baxter operator. In Section 6 we elucidate some of the previous construction using the 
Kostant-Kumar description [KK] of equivariant cohomology of flag spaces in terms of representation 
theory of nil-Hecke algebras. In Section 7 the dual description of the elementary 0^ . i -Whittaker 
functions as matrix elements of infinite-dimensional representations of tropical monoids associated 
with GLe + i is given (Theorem 7.1). Finally, in Section 8 we briefly discuss a relation of our 
constructions with geometry over the mysterious limiting field Qi. 

Acknowledgments: The research was supported by Grant RFBR-09-01-93108-NCNIL-a. The 
research of AG was also partly supported by Science Foundation Ireland grant. The authors are 
thankful to Max-Planck-Institut fur Mathematik in Bonn for hospitality and excellent working 
conditions. 

2 Whittaker functions in classical setting 

In [GL06], [GL07], [GL08] we introduced, using a topological field theory framework, infinite- 
dimensional integral representations of the local Archimedean L-factors (given by products of 
Gamma-functions) and of a class of the Whittaker functions. These integral representations can 
be reduced to give representations of the special functions as equivariant volumes of the infinite- 
dimensional spaces of holomorphic maps of a two-dimensional disk into a Kahler manifold such as 
a flag space G/P or a complex vector space V = C i+1 . This should be compared with the classical 
finite-dimensional integral representations of the same special functions e.g. the Euler integral rep- 
resentation of the Gamma-function, the Mellin-Barnes and the Givental integral representations 
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of the Whittaker functions [KL], [GKLO]. It was argued in [GL07], [GL08] that both the fi- 
nite dimensional and the infinite-dimensional integral representations arise naturally as correlation 
functions in two-dimensional topological field theories and are related by a mirror symmetry of the 
underlying quantum field theories. One can conjecture that analogs of infinite-dimensional integral 
representations hold for many other special functions such as spherical functions and the Whittaker 
functions associated with arbitrary pairs (0,p) of Lie algebras and their parabolic subalgebras p. 

In this Section we review two particular classes of integral representations of the Qlg+i -Whittaker 
functions associated with maximal and minimal parabolic subalgebras. We provide a realizations of 
the gl£ +1 -Whittaker functions associated with maximal parabolic subgroups as equivariant volumes 
of spaces of holomorphic maps [GL08], recall two integral representations of the local Archimedean 
L-factors and its topological field theory interpretation [GL06], [GL07]. 

Let Eij, i,j = 1, ... 1 + 1 be the standard basis of the Lie algebra flbj+i- Let Z(Uq[£ +1 ) C ^0^+i 
be the center of the universal enveloping algebra Ugl e+1 . Let B± C GL^ +1 (C) be upper-triangular 
and lower-triangular Borel subgroups and N± C B± be upper-triangular and lower-triangular 
unipotent subgroups. We denote by b± = Lie(B±) and n± = Lie(iV±) their Lie algebras. Let 
f) C 0^+i be the diagonal Cartan subalgebra and W = be the Weyl group of GLi + \. Using the 
Harish-Chandra isomorphism between Z(Uq\^ +1 ) and the &e+\ -invariant subalgebra of the symmet- 
ric algebra S*ty, we identify central characters with homomorphisms c : C[hi,--- ,he + i] Se+1 — > C. 
The central characters are in one to one correspondence with S^ + i-orbits of elements of the dual 
space f)* ~ C i+1 . Let tt\ : Ugl^i — > End(VA) be a representation of the universal enveloping algebra 
UQi i+1 with a central character associated with the 5^ + i-orbit of ifr l \ = (zh~ 1 \i, . . . , ih~ 1 \g + i) G 
zR^ +1 , h G M+. We impose an additional condition that the action of the Cartan subalgebra f) can 
be integrated to an action of the corresponding Cartan subgroup H C GL^ + i(C) in V\. Let be 
the dual module equipped with the induced action of UqI'^ 1 (universal enveloping algebra of gl^S 
obtained by inverting the signs of the structure constants of fll^+i). Denote by ( , ) the pairing 
between and Va- We suppose that the action of the Cartan subalgebra () in the representation 
Va can be integrated to an action of the corresponding Cartan subgroup H C GL^ +1 (C). 

According to Kostant a g^ +1 -Whittaker function is defined as a matrix element 

*M = e^)(^|7r A (e^=i^^) hfo), (2.1) 

where x = (xi, . . . , xg+i), p = (pi, . . . , pe+i) is a vector in t)* with components pk = —l/2(£ — 
2k + 2), k = 1, . . . , I + 1 (half of the sum of positive roots of 0^ + i). The one-dimensional spaces 
generated by vectors G V' x and G Va provide one-dimensional representations of Un- and 
Un+ respectively 

(ipL\E i+1 ,i = -h- 1 ^], E i!i+1 \i> R ) = -h- 1 \^ R ), i = !,...,£. (2.2) 

Standard considerations (see e.g. [STS]) show that the matrix element (2.1) is a common 
eigenfunction of a family of commuting differential operators coming from the action of generators 
of Z(Ugl f+ i) in V\. These differential operators can be identified with quantum Hamiltonians of 
the gl£ +1 -Toda chain. The simplest non-trivial quantum Hamiltonian acts on a Whittaker function 
as the differential operator 

2 2^ dx 2+2^ e 

1=1 1 1=1 

The matrix element representation (2.1) leads to various integral representations of the Whittaker 
function by using explicit realizations of the universal enveloping algebra representation ir\ via 
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difference/differential operators acting on an appropriate space of functions. For example one can 
consider the principal series representation Ind^ i<+1 XA induced from a one-dimensional represen- 
tation of B- given by the character 



e+i 

>;-i' 



Xx(b) = U {bjjl*- X «- pk , beB_. (2.3) 
i=i 



Here A = (Ai, . . . , is a vector in R l+1 , h is in R+ and p k = -l/2(£ -2k + 2), k = !,...,£ + 

1. The subspace of analytic vectors provides the corresponding representation of Ugl f+ i. More 
generally one can consider representations of £Ygl^ +1 realized in the subspace of 5_-equivariant 
functions supported on £>_-stable subvarieties in GL^ + \. They obviously support an action of 
U$l i+1 with central character associated to the SV+i-orbit through ih^X. 

In this article we shall be especially interested in the integral representations of -Whittaker 
functions defined in the following two theorems. 

Theorem 2.1 The Whittaker function has the following integral representation: 

n+l n 



/n ""' \ ' ^ /.££'~-"n|M, ( ,4, 

/ „l nl n ri (2==2*|ft) ^ 2rt 



w/iere ri(z|ft) = ftftr(f), A = (Ai, . . . , A m ) := (7^+1,1, 7M-i,M-i) G R* +1 , x = (xi, . . . , x^+i) 
and i/ie domain of integration S is such that 7^ + zejfc € R and ejfc are fixed real numbers such 
that the conditions max j{lmjkj} < mm m{I m 7fc+i,m} / or all k = 1,...,£ hold. The integral (2.4) 
converges absolutely. Recall that we assume j n j = for j > n. 

This integral representation was first introduced in [KL] and rederived in the framework of 
representation theory in [GKL]. Another relevant integral representation for the g[^ +1 -Whittaker 
function was introduced by Givental [Giv] (see [GKLO] for a representation theoretic derivation). 

Theorem 2.2 The - Whittaker function has the following integral representation: 

£+1 / k k-l 



*\i2L\ h ) = J ex P [l E Xk (E T ^ - E Tk -^J J 

i . / k k \ I k 

ex P*E - n E e Tfel - Tfc+1 - + E e T *+ 1 .*+ 1 " T *.< } [J II dT M > 

fe=l \i=l i=l / fc=li=l 



(2.5) 



where A = (Ai, . . . , A^ + i) £ R^ +1 . i/ere we set Xj = Tj? + i j, z = 1, ...,£ + 1 and the domain of 
integration C is a slight deformation of the middle- dimensional real subspace of C^ +1 )/ 2 rendering 
the integral (2.5) convergent. 

In [GL08] we introduced generalized g[^ +1 -Whittaker functions associated with parabolic sub- 
algebras p C Ql£ + i (in this sense the standard gl^ +1 -Whittaker function (2.1) is associated with 
the Borel subalgebra b C 0^+i)- For the g^ +1 -Whittaker function associated with the maximal 
parabolic subalgebra pi^+i C 0^ + i (i.e. such that dim(g[^ +1 /p 1 ^ +1 ) = i) we coin the term (1, t+l)- 
parabolic Whittaker function. The following analogs of the Mellin-Barnes and the Givental integral 
representations of a specialization of the (1,£ + 1)- parabolic Whittaker function holds. 



6 



Theorem 2.3 The (1,£ + l)-parabolic Whittaker function specialized to x\ = x and Xi = 0, i ^ 1 
admits the following integral representations: 

(!)■ 

^ +1) (x,0,... ,0) = — J ^ d^e^Hv^ij-X^h), (2.6) 



i=i 



where e > 0. 
(2). 



^ +1 \x, 0, • • • , 0) = / H dtj exp 1 \J2 *jtj + A m (* - Y, h) 

Jc j=i \ \i=i i=i 



(2.7) 



exp J j + e^ =1 ^ :; 



,i =1 



where A = (Ai, . . . , A^ + i) € IR £+1 and C is a slight deformation of the real subspace of middle 
dimension in C e rendering the integral (2.7) convergent. 

Whilst being a common eigenfunction of a family of mutually commuting differential operators, 
the g[^ +1 -Whittaker function is also a common eigenfunction of a one-parameter family of integral 
operators [GL02]. This family of integral operators (called the Baxter operators due to their 
relation with the Baxter operators in the theory of quantum integrable systems) has a representation 
theoretic origin. In [GL02] the Baxter integral operators were defined as generating series for 
the generators of the Archimedean counterpart of the non- Archimedean spherical Hecke algebra. 
Explicitly, a one-dimensional family Q Be + 1 (s), s € C of the Baxter integral operators acting in an 
appropriate space of functions of £ + 1 variables has the following integral kernel: 

Q sie+1 (x, y\s) =exp{^^(xi-y i ) - - £ (e Xi ~ Vi + e^ 1 " 3 *) - -jf l+1 ~ Vt+1 ] ■ ( 2 - 8 ) 

i=l k=l 

The Baxter operator Q ele + 1 (s) satisfies the following commutativity relations: 

QSh+i ( s ) . QSh+1 (<,') = Qdk+1 (<,') . Q3h+1 ( s ) 5 (2.9) 

Q sl *+i{s)-H? e+1 =Hf e+1 -Q 0k +i{s), r = l,...£ + l, (2.10) 
and the g^ +1 -Whittaker function (2.4), (2.5) satisfies the following eigenfunction identity: 



/ 



£+1 

i n dvi Q 9h+1 & y\s)*f e+1 (y) = L( s ,x,h) *f_ e+1 (x). (2.11) 



Here x = (x±, . . . , x^+i), y = (yi, ■ ■ ■ , ye+i), A = (Ai, . . . , A^+i) and the eigenvalue is given by the 
local Archimedean L- factor attached to the principal series representation of GLi + \ associated with 
the character (2.3) (see e.g. [B], [L]) 

L(s,x,h) = J] r^r(^p). (2.12) 

i=i 
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The appearance of the local L-factors is not accidental and is related to the fact that the integral 
operators with kernels (2.8) are realizations of generating functions of elements of the local spherical 
Archimedean Hecke algebra (see [GL02] for a detailed discussion). Note that the local Archimedean 
L-factors (2.12) also have integral representations of the Givental type (2.5) given by the Euler 
integral representations for the Gamma-functions 

L(s,X,h)= / rfdr.-e^iU^-^-KO, (2.13) 

where Im(s) < 0, j = 1, ...,£ + 1. 

The expression of the local L-factor (2.12) as a product of T-functions is on the other hand an 
analog of the Merlin-Barnes representation (2.4) of the rj[£ +1 -Whittaker function. 

Along with the finite-dimensional integral representations, the Whittaker functions and the 
local Archimedean L-factors have infinite-dimensional integral representations. These integral rep- 
resentations naturally arise from an interpretation of the special functions as equivariant symplectic 
volumes of infinite-dimensional space of holomorphic maps of a two-dimensional disk into finite- 
dimensional symplectic spaces [GL06], [GL07], [GL08]. Given a finite-dimensional symplectic 
manifold M with a symplectic form oj and Hamiltonian action of a compact Lie group G one 
defines a G-equivariant symplectic volume as the following integral: 

Z M {\)= [ e" G . (2.14) 

Here ojq is the G-equivariant extension of the symplectic form u> depending on an element X £ Q* 
of the dual space to the Lie algebra q = Lie(G) (see e.g. [Au] for precise definitions and details). 
In [GL06], [GL07], [GL08] this definition was used for infinite-dimensional spaces of holomorphic 
maps M(D, X) of a two-dimensional disk D = {z G C| \z\ < 1} into symplectic L^ +1 -spaces X 
such as C e+1 , SLt + i/P, with P C SLi + \ being a parabolic group. There is a natural Hamiltonian 
action of S 1 x Ug + i on M(D, X), where S 1 acts by rotations of D and the action of U^ + \ is induced 
from the action on X. An extension of the definition (2.14) to the infinite-dimensional case requires 
some care and includes a (- function regularization of the infinite-dimensional integrals. 

The equivariant symplectic volumes of the spaces M(D, X) of holomorphic maps can be refor- 
mulated as particular correlation functions in two-dimensional equivariant topological sigma models 
on the disk D with target space X. An advantage of this reformulation is that one can invoke mirror 
symmetry considerations to reformulate the infinite-dimensional integral representations in terms 
of finite-dimensional ones [GL06], [GL07], [GL08]. For the local Archimedean L-factors and the 
0^_l_i-Whittaker functions this leads to the integral representations (2.13), (2.5). 

Note that S 1 x L^ + i-equivariant topological field theory depends on A G u| +1 and h <G Lie(S' 1 ). 
In the limit h — > oo one expects that the S 1 x lLj+i -equivariant symplectic volume of M(D,X) 
will be reduced to a L^ + i-equivariant volume integral over X. In the following Section we take this 
limit in the integral representations (2.4), (2.5), (2.13) for the fj^ +1 -Whittaker functions and local 
L-factors directly and demonstrate that the resulting elementary Whittaker functions and L-factors 
are given by equivariant symplectic volumes of finite-dimensional symplectic spaces. Note that up 
to now the interpretation of (parabolic) Whittaker functions in terms of equivariant symplectic 
volumes of infinite-dimensional spaces is not known in full generality (recent progress has however 
been presented in [01], [02]). In cases when the interpretation in terms of topological field theory 
with a target space X is already established [GL08] the obtained limiting expression is compatible 
with the localization to the space of constant maps to X discussed above. Thus the identification 
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of the H — >• oo limits of the gl£ +1 -Whittaker functions with C/^+i-equivariant symplectic volumes 
of the flag spaces G/B should be considered as additional support for the approach of [GL06], 
[GL07], [GL08]. 



3 Elementary analogs of Whittaker functions and local L-factors 

In this Section we take the limit h — >■ oo of the 0l^ +1 - Whittaker functions and the local Archimedean 
L-factors and demonstrate that the resulting expression can be interpreted as an equivariant sym- 
plectic volume of finite-dimensional Kahler spaces. Let us start by introducing elementary analogs 
of the g^ +1 -Whittaker functions. 

Definition 3.1 The elementary Ql e+1 - Whittaker function is defined as the following absolutely con- 
vergent integral: 

EI {ins -7np) /X 1 A, „, . I 



t+l n 

JJi+l) f Tr s y p V "" " VJ * n E gbni-1n-l,i)Xn JL d lnj 

J 11 n n+l e 11 2m ' 

S n=1 n! EI EI {ink - 7n+l,m) ^ 



fc=lm=l J - 

where the domain of integration S is such that 7^ + itjk £ R flftd £jk are fixed real numbers 
such that the conditions maxj{Im7fcj} < min m {Im7fc +lm } for all k = 1,...,£ hold. We set 
(7^+i,i) • • • j le+i,£+i) := ■ ■ ■ > -Wi) £ and assume = for j > n. We also use the 

notations x = (xi, . . . , xp + \) and A = (Ai, . . . , A^ + i). 

Proposition 3.1 The elementary gl i+1 - Whittaker function has the following representation: 

*rU) = E rr-77x jTv ^>^2>x 3 >...>^ +1 , (3.2) 

and 

*f (*) = 0, (3.3) 

otherwise. Here . . . , + 1)) is a permutation of (1, ...,£+ 1) corresponding to an element 

s € S^+i o/ i/ie permutation group &£+i and l(s) is the length of the permutation (the number of 
terms in the minimal decomposition of s into elementary permutations). 

Proof. 1. In the domain xi > x% . . . > xe+i the integration domain <S can be deformed so that the 
integral (3.1) is given by a non-trivial sum of residues. To calculate contributions of the residues let 
us note that the integrand is symmetric with respect to &tot = ©2 x ®3 x • ■ ■ x &e+i acting on {7^} 
via permutations of the second index. The nontrivial residues corresponding to the poles of the 
integrand are at the points 7^ = 7fe+ij, Jk,i 7k, j- Let us first consider the residue contribution 
at the poles 7^ = jkj 

e+i e+i 

J2{lnj ~ ln-l,j)Xj — > ^n/t+ljXj. 
n=l n=l 

The contribution of the rational function in the integrand is reduced after cancellations to 



EI i{le+i,s - li+i,p) ' 
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The integrand is symmetric under action of &tot and thus the contributions of other poles jk,i = 
7fe+i,j) 7fc,i 7^ 7fc,j can De obtained by averaging over the permutations. Note that the subgroup 
62 x 63 x • • ■ x 6^ C &tot acts trivially on the residue contribution. Thus the averaging over the 
subgroup cancels the factor ni=i( n 0~ 1 an d the averaging over &e+\ gives 

2. Outside the dominant domain the integral 3.2 is equal to zero by deformation-of-contour argu- 
ments. □ 

It is easy to see that the representation (3.2) can be written in the following recursive form 

*Sl M ,..,7< + M + >i>--->*m) = (3-4) 
/ , 11(7^-7Ap) 

IT ^M. S ±L *(o) (X1 Xf) 

W j= i m n n ( 7 ^- 7mjm) 

fc=l m=l 

where 5^+1 is defined by the conditions max,,- {Im 7^ j } < min m {Im7^ + i iTn }. We call the functions 
(3.1) elementary Whittaker functions due the following result. 

Proposition 3.2 The elementary gl i+1 - Whittaker function (3.1) can be represented as the limit 

^ 0) (x) = lim {h)- £(e+1 ^Hx(hx, h), (3.5) 
where ^\(x,h) is defined by (2.4). 

Proof. Consider the asymptotic behavior of the numerator of (2.4). By definition of the contour S 
in (2.4), the real parts of arguments of T-functions are positive. Then (3.1) is obtained from (2.4) 
by applying the following asymptotic form of the T-function: 

rtir (£) = J°° dxe~ zx e - H ~ le ~ hx — > J°° dxe~ zx 0(x) = i h -»■ 00, Re z > 0, 

where ©(x) is the Heaviside function i.e. 0(x) = 1 for x > and zero otherwise. □ 

The integral representation (3.1) is an analog of the Mellin-Barnes integral representation (2.4) 
and (3.4) is an analog of the fundamental recursive property of the Mellin-Barnes integral repre- 
sentation [KL]. Taking h — > 00 in (2.5) one obtains an elementary analog of the Givental integral 
representation. 

Proposition 3.3 The elementary Whittaker function has the following Givental type integral 

representation: 

/,— 1 

(3.6) 

(Ik \ e k 

n n ( Tk +^ - t ^ ^ - Tk +w) n n ^ 
fc=li=l / fc=li=l 

/fere we define Xj = T^ +1 j, i = 1, . . . , £ + 1 and roe assume = /or i > k. The function 0(x) 
is the Heaviside function i.e. 0(x) = 1 /or x > and zero otherwise. 



(£-\-\ / k k—1 
7, 1 \ 1 1 
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Proof. Let us change the variables T/^j — > hT^^i, k = 1, ...,£+ 1, i = 1, . . . , k in (2.5). Now we take 
the limit lim^oo h~ e ( £+1 ^ 2 ^ x (hx\h) of the Givental integral representation (2.5) using the identity 

lim e ~ h - le - hx = e(x). (3.7) 

This gives us (3.6). The second statement is a direct consequence of (3.6). □ 

Corollary 3.1 The elementary gl i+1 - Whittaker function is given by 

£+1 / k k-1 \ £ k 



¥< >(s) 



•> v k=l \i=l i=l / k=li=l 



(3.8) 



and 

*f{x) = 0, (3.9) 

otherwise. Here V is a convex polytope in M^ +1 )/ 2 defined by the inequalities > T^-i^ > 
Tfc i+1 , = 1, ...,•£ + 1, i = 1, . . . ,f + 1. We assume Thi = when i > k . 

Proof. Obviously follows from (3.6). □ 

Definition 3.2 The elementary (I + 1,1) -Whittaker function specialized at x = (x,0, ...,0) is 
defined as the following integral: 

r a e+i 

<W>*i O) M ,...,0) = / *L e »r JJ (3.10) 
where A 6 and e > 0. 

Proposition 3.4 . T/ie following limiting expression holds: 
(!)■ 

(£+1 ' 1) ^f ) (x,0,...,0) = lim(?r £ ) ( m ' 1 ^ A (fe,0,...,0|^), 

— ft->oo — 

w/iere ^ +1 ^^x(x, 0, ... , 0|^) is denned oy 

The elementary [l + 1, 1)- Whittaker function has the following integral representation: 

(x,0,...,0) = / TTdr, e'E^V^^^e^-r^) [fe(r 3 ). 

Proof. The proof is analogous to the proof of Proposition 3.4. □ 

Let us note that, in contrast with classical case, the elementary (£ + 1, 1)-Whittaker function 
can be obtained as a specialization of the elementary -Whittaker function 

^ 0) (x,0,...,0) = (^)*i 0) (x,0,...0). 
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Classical g(£ +1 -Whittaker function is a common eigenfunction of a family of mutually commuting 
differential operators. These differential operators can be identified with quantum Hamiltonians of 
the g[£ +1 -Toda chain. Similarly the elementary g[£ +1 -Whittaker functions are common eigenfunc- 
tions of a family of mutually commuting differential operators defining an elementary analog of the 
0^ + i-Toda chains. This elementary analog of the gl^ +1 -Toda chain can be obtained as the h — > oo 
limit of the standard g^ +1 -Toda chain. We start with the definition of a (well-known) quantum 
integrable system which plays the role of the elementary g[^ +1 -Toda chain and then explain how 
this quantum integrable system arises in the H — > oo limit from the gl^ +1 -Toda chain. 

Let (xi, . . . ,X£ + i) be linear coordinates in R^ +1 . The permutation group ©£+i acts in R e+1 as 
the group of reflections with respect to the principal diagonals X{ = Xj. One defines a quantum 
billiard associated with the pair &£+i) as a free quantum particle moving in the closure of 

the fundamental domain X>£+i = {x = (xi, . . . ,2^+1) € M £+1 |xj > Xi + \\ of ©£ + i acting in ~Mf +1 . 
We impose Dirichlet boundary conditions on wave functions at the boundary <9X^ +1 . The resulting 
quantum integrable system is a special case of the well-known series of integrable systems on the 
fundamental domains of actions of Weyl groups W on Cartan subalgebras f) (in our case the Lie 
algebra is Ap, the Cartan subalgebra is f) = and the Weyl group is W = &e+i) (see e.g. [I]). 



Proposition 3.5 The elementary Qlg +1 -Whittaker function (3.1) is a common eigenfunction of the 
elementary Toda chain Hamiltonians 

Pi(d x )^x(x) = Pi(X)^>x(x), P i (y)eC[y 1 ,...,y e+1 } e <+\ (3.11) 

where T>£ + \ = {x = [xi, . . . , £ B^ +1 |xj > Xj+i} is a compactification of the fundamental 

domain of the action of&e+i in W e+1 and Dirichlet boundary conditions are imposed 

*x(x)\ Xj = Xj+1 =0. (3.12) 



Proof. The representation (3.2) of the elementary g^ +1 -Whittaker function as a sum over the Weyl 
group &e+\ implies that the elementary g^ +1 -Whittaker function is a common eigenfunction of the 
operators Pi(d x ). Taking into account (3.3) we infer that the elementary g^ +1 -Whittaker function 
satisfies the boundary condition (3.12) and thus solves the eigenvalue problem of the quantum 
billiard. □ 



Taking into account (3.2) we obtain an expansion of the quantum billiard eigenfunction 

(3.13) 



* A (x)= Yl C (0 \s-X))e l ^ x ' x \ 



se&e+i 
where 

C7(o)( A ) = rW(,(A,a)) = JIl^ - 

a>0 i<j 

the product is over positive roots of gl^ +1 and we use the elementary analog r(°)(s) = s^ 1 of classical 
Gamma-function. The functions C^(A) are elementary analogs of the Harish-Chandra functions 
for the Whittaker case. Indeed, the expansion (3.13) should be compared with an asymptotic 
expansion in the region Xk >> Xk+i, k = 1, . . . ,£ of classical class one g[^ +1 -Whittaker function 
(see e.g. [KL]) 

* A (x)= £ C( S -A))e^+0(max{ e ^"^}^ =1 ), (314) 
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where 



C(X) = »-*<M/» JJ r . (3.15) 

a>0 ^ % ' 

Thus, the g^ +1 -Whittaker function (2.4) is a common eigenfunction of the gl£ +1 -Toda chain and 
the elementary g^ +1 -Whittaker function (3.1) is a common eigenfunction of a quantum billiard 
system associated with 0^ + i- It is natural expect that the quantum billiard can be understood as 
an h — > oo limit of gl^ +1 -Toda chain. Below we demonstrate this relation for the simplest non-trivial 
case I = 1. 

A ring of quantum Hamiltonians of the gl 2 -Toda chain is generated by the two differential 
operators 

™i = — , 

OX i OX 2 

f) 2 f) 2 
H 2 = -h 2 -^-h^ + e^. 
oxf OX2 

Let us make the change of variables yi = hr l Xi to obtain 

f) 2 f) 2 
n 2 = -— - — + e h{y2 ~ yi \ 
dy\ dy\ 

Elementary analogs of the quantum Hamiltonians obtained by taking the limit h — > 00 are given 
by 

n { ? =% = -^-^, (3.16) 

dy 2 dy 2 



n { 2 0) = iim u 2 = -£5 - £2 + e °o(y2 ~ ( 3 - 17 ) 

where 



/i-s-oo dy 2 dy 2 



@oo(y) = 0, y>0, eoo(y) = oo, y < 0. 
One can explicitly check that the elementary Whittaker function 

e j(Ai2/i+A 2 ?/2) _ e «(A2 2/i+Ai2/ 2 ) 

V'Ai.Aa (l/ 1)2/2) = 7T T \ ©(l/2 - 2/l), (3-18) 

Z(Al - A 2 ) 

is an eigenfunction of (3.16) and (3.17). Indeed, we have 

The function Ooo(j/2 — 2/i)V , Ai,A 2 (2/i) 2/2) is zero for j/i 7^ ?/2 and is infinite at y\ = t/2- The precise 
character of the infinity is fixed by the limiting procedure h —¥ 00 and leads to an identification 

j(Ai?/i+A 2 ?/ 2 ) _ i(A 2 yi+Aiy 2 ) 

eoo(2/2 - 2/1) 7T — ^ e(i/ 2 - yi ) ■.= e -^+^(y^)s( yi - V2 ). 

Thus, with this definition of the product 600(2/2 — yi)' t Px 1 , A 2 (2/1 > 2/2); we obtain that the limit h 00 
of gl 2 -Toda chain is indeed given by the quantum (R 2 , ©2)-billiard. These considerations can 
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be straightforwardly generalized to the case of an arbitrary rank. We however prefer just to 
define elementary analogs of g[^ +1 -Toda chain as quantum (]R^ +1 , 6^ + i)-billiard to avoid ill-defined 
manipulations with Q OQ (x). 

Finally we define elementary analogs of the local Archimedean L-factors (2.12) and the Baxter 
operators (2.8). 

Definition 3.3 Let V = C i+1 be supplied with the standard action ofUi + \. The elementary local 
L-factor associated with V and with an endomorphism A G End(y) given by a diagonal matrix 
A = diag(Ai, • • • , A^ + i) is defined as follows: 

4 o) (^A)=n^-, (3.19) 

S Aj 

J=l J 

where A = (Ai, . . . , A^ +1 ) ; and s € C. 

Proposition 3.6 The following relation between (3.19) and (2.12) holds: 

4 0) ( S ,A)= \un(^f +1 ^L(s, A, ft)- 

Proof. Let Re z > 0, then 

lim rtir (!) = r dx e~ zx @(x) = -, 

and thus 



lim (!)(<+i)L( S , A, K) = i e+1 / TT dtj TT e^'-v e(tj) = TT — V, 
h ^°° h J-oo J =1 J =1 J =1 s - X i 



provided Im(s) < 0. □ 

The eigenvalues of the Baxter integral operators (2.8) acting on the gl^ +1 -Whittaker functions 
(2.4) are given by the local Archimedean L-factors. Similar relations hold for their elementary 
analogs. Consider the one-dimensional family fll f+iQ(°)(s) of integral operators acting in an appro- 
priate space of functions of I + 1 variables and having the integral kernel 

t 

8 ' (+1 Q (0) fe y\ s) = e »££i(*i-w) Q( ye+1 - xe+1 ) [1% " Xi) Q( Xl - y i+1 ), (3.20) 

i=i 

where we assume x:=(xi,--- , a^+i) and y := (yi, . . . , ye+i). 

Proposition 3.7 TTie following identity holds: 

9WiQ(0)( s ) = l im Q8Wi( s ). C3.21) 

Proof. By changing variables x — >■ for, y —> hy the proof reduces to straightforward application of 
the identity (3.7). □ 
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Corollary 3.2 The elementary Whittaker function has the following eigenfunction property: 

* (m) / TT d yi 0l wQ(°)(x, y\s) * { i+^f{y) = L^\s,X,h) sh +^f\x), (3.22) 
Jr^ t = \ - - 

where x = {x\, . . . , a^+i), y = (yi, ■ ■ ■ , yt+i), A = (Ai, . . . , A^+i) and the eigenvalue is equal to the 
local Archimedean L-f actor 

e+i -, 

L(°\s,\,h) = H — -. (3.23) 

j=l S 3 

4 A limit of g-deformed Whittaker functions 

In [GL03], [GL04], [GL05] explicit expressions for ^-deformation of the g^ +1 - Whittaker functions 
were proposed. The g-deformed Whittaker functions are common eigenfunctions of g-deformed 
Toda chains (also known as relativistic Toda chains) [R], [Et] and the standard Whittaker functions 
arise in the limit q — ¥ 1. In the previous Section we defined the elementary 0^ +1 -Whittaker functions 
as a limit of classical g^ +1 -Whittaker functions. In this Section we demonstrate that the elementary 
0[^ +1 -Whittaker function can be obtained directly from the g-deformed Whittaker function 
^t(n) by specializing at q = and taking a limit with respect to spectral variables z = (z\, . . . , Z£ + ±). 
Similar relations hold between the limits h~ — ¥ oo of classical local Archimedean L-factors/Baxter 
operators on the one hand, and the q = specialization of g-deformed local L-factors (introduced 
in [GL03], [GL04], [GL05]) /g-deformed Baxter operators on the other hand. 

Specialization g = of the g-deformed class one 0^ +1 -Whittaker function was already considered 
in [GL03]. Under this specialization the g-deformed gl^ +1 - Whittaker function \I/I(n) is given by a 
character of a finite-dimensional irreducible representation of corresponding to the partition 

!%!>...> n e+1 

^n „, + >i, ■ ■ ■ ■ n £+i ) = Tr Vnir .. :ne+i z^ ■ ■ ■ z%?, (4.1) 

and is equal to zero for (m, • • • , n^+i) outside the principal domain n± > . . . > nt + \. Using the 
Weyl character formula (see e.g. [Zh]) we have 

e+i 

«cu>i. - .» w) = n I e (-D i(s) n^ +e+i - su \ (4.2) 

where &e+\ is the permutation group identified with the Weyl group of g^ +1 and for an element 
s e &e+i, l(s) is the length of the minimal product decomposition of s. There exists another 
representation for the characters of irreducible finite-dimensional representations of fll^+i based 
on Gelfand-Zetlin bases in finite-dimensional irreducible representations [GZ] (see also [Zh]). Let 
V e+1 be a set of Gelfand-Zetlin patterns, that is a set of collections p = {pij}, i = 1, ...,£ + 1, 
j = of integers satisfying the conditions Pi+ij > Pi t j > Pi+ij+i. An irreducible finite- 

dimensional representation can be realized in a vector space with the basis v p enumerated by the 
Gelfand-Zetlin patterns p with fixed pe+i^, i = 1, ...,£+ 1. Action of the Cartan generators on v p 
is then given by 

k 

z \ 1 z 2 2 ' ' ' z £+l V P = z \ z 2 1 • • • Zg+i v pi s k = ^ ^ Pki- (4-3) 

i=l 
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Set (ni, . . . , ri£+i) := (pe + i t i, . . . Then for the character of an irreducible representation 

of GLg + i corresponding to a partition (n\ > . . . > nn + \) we have 



*f>m)= E UzP^-^ p ^K (4.4) 
Pk^eV^ fc=i 



This representation can be written in the recursive form 

,"m) = E ^ P " 1 ' t ~^"' i n?.. M <Pt,i,---,Pv), (4.5) 

where the sum runs over the set T^+i,^ of = (pt,i, ■ ■ ■ ,Pe,e) satisfying the conditions > 
Pi,i > P^+i,i+i- One can also write down irreducible characters in the following recursive integral 
form (see e.g. [GL05]): 

l 

*2S,* +1 (ni,"- ,«m) =1-1 II JW^IX (4.6) 

Jyi=oo J ye+l =oo i=l * n yi 

M-l 
i=i 



where 



£+1 m+1 



c £+1 , m+1 ( X ,y) = n n y^-' A (y) = n ( x - ^ 7i ) • 
i=i j= i 1 x ^ i#j 

Let Xr(z) be characters of the fundamental representations V UJr = f\ r C £+1 of 

XrU) = E '"^ ' r = l,...,£ + l, 

and 7 r = (ii < «2 < ■ ■ ■ < *r) Q {1, 2, ...,£ + 1}. The functions ^|~^. Zj , +1 (ni, • • • ,ri£ + i), equal 
to the characters of irreducible finite-dimensional representations of gl^+i in the principal domain 
ni> ... > ng + i, satisfy a system of difference equations expressing the Piery branching rules 

xrU)*r°(p< +1 ) = e *r°(p« + i+^r). r=i,...,£+i, (47) 

where I r = (zi < %i < . . . < i r ) C {1, 2, . . . , I + 1} and Vj = 1 or Vj = depending on whether 
or not j is in the set I r . We also omit the terms in the right hand side of (4.7) corresponding to 
non-dominant weights. The characters are uniquely defined as solutions of the equations (4.7) with 
the condition 1 ^'t~ (p i+1 ) = for P i+1 outside the principal domain pe+i,i > ■ ■ ■ > pe+i,e+i- 

Proposition 4.1 Let Zi = t~ Xl , A« G C, t G R + and for Xj G IR let rij(i, Xj) be the integer parts of 
Xj/logt. In the limit t — > 1 the function (4.1) reduces to the elementary Ql i+l -Whittaker function 
(3.1) 

< ) ) ... )Am (x 1 ,...,x m ) = lim (logt)^ 1 )/ 2 tfj^ ...^(mftsi),- ,n m (t,* m )). 
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Proof. Taking the limit of the recursive relations (4.6) we obtain the recursive relations (3.4). □ 

Similar relations hold between g-deformed local L-factors (introduced in [GL03], [GL04], 
[GL05]) and elementary local L-factors (3.23). Recall that the g-deformed local L-factor is given 
by 



£+1 oo 

L q (u\z 1 ,---,z e+1 ) = l[ll i _ u _ lz ^ n , q<l. (4.8) 



j=ln=0 

Taking q = we have 

e+i 

L* =0 (u\z 1 ,...,z e+1 ) = l[ (4.9) 

j=l J 

Now let Zi = t~ x % u = t~ s . Taking the limit Mlwe recover the elementary local L-factor 

i+i . i+i . 

l(»)(„ia) = jim (iog t) ' +i n = n — • < 4 - io > 

j=\ j=l J 

Local Archimedean L-factors are eigenvalues of the Baxter integral operators acting on the Whit- 
taker functions [GL02]. Similar relations hold for their ^-deformations. Next we give explicit 
formulas for q = specialization of the g-deformed Baxter operators. 

Proposition 4.2 The q = specialization (4.1) of the q-deformed - Whittaker function is a 
common eigenfunction of the one-parameter family of operators 

Q q=0 (u) ■ f(n 1 ,...,rii +1 ) = (4.11) 
E Q q=0 (u\n 1 ,...ne +1 ;m 1 ,...,m e+1 ) /(mi,...,m w ), 

mi,— ,m e+1 el> 

where the kernel is given by 



Q q °(u\ni, . . . n e+1 ;m 1 , . . . ,m e+1 ) = (4.12) 



u Ej±J(n< mi) Q( me+1 - ne+1 ) Y[ ©(mi - m) @(m - m i+1 ). 

The corresponding eigenvalues are given by local L-factors (4.9) 

Qq=0{uyn =o , nm ) = (4.13) 

L q =°(u\z 1 ,...,z e+1 )^.. tZe+i (n 1 ,... ,n e+1 ). 

Proof. Recall that \Pf^?.., Z£+1 (rai, • • • ,ne+i) can be interpreted as characters of a finite-dimensional 
irreducible representation of 0^ +1 . The local L-factor (4.9) can be considered as a character of an 
infinite-dimensional representation of 0^ + i 

l«=\ u \ z1 , , ze+1 ) = n — ^ = e u-<* + - + ^> % . . . = 

i=i 3 (k 1 ,...,k e+1 )ez e + 1 
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= Tr Vo (z 1 /u) Hl ---(z t+1 /u) H ^, 

where Vq = C[£i,--- , &+i] and Hj = Now (4.13) is derived by applying the standard 

Littlewood- Richardson rules for decomposition of a tensor product of representations (see e.g. [Fu], 
[Zh]) 

Xr,0,...,oU)Xni,... 1 n* +1 (*) = ^ Xn+u Ir U), ( 4 . 14 ) 

It 

where I r = (i± < ii < . . . < i r ) C {1, 2, ...,£+ 1} and Vj = 1 or Uj = depending on whether 
or not j is in J r . We also discard all terms on the right hand side for which n + v_j is not in the 
principal domain. Now the statement of the Proposition follows from the decomposition 

oo oo 

L«=°(t\ zi , ze+1 ) = e *~ fc E z i ■ ■ ■ 4t = E '~ fc xk,o,...(*i, ■ ■ ■ , *t+i). 

k=0 ki+...+k e+1 =k k=0 

□ 

Let us consider in detail the eigenfunction equation (4.13) for £ = 0, 1. We start with i = 0. 
Irreducible representations of U\ are one-dimensional 

e * : Vn ^ e ™e Vn . 

Let if be a generator of Lie(U\). The q = specialization of the g-deformed g^-Whittaker function 
is given by the character 

*r°W = Tr v„ * H = t n , te C, nez. 

The local Archimedean L-factor has the following trace representation: 

^ oo oo 

L«=°(u\t) = ——^ = J>/u)» = Tr c[z] (t/u) H =J2^r°(n), 

where H acts in C [z] as H = zd z . We have the following decomposition of the product of characters 
of V n and Ti: 

oo 

^VJ H x Tr c[2] {u-H) H = J2 ^V m+ J H u n - H = £ 0(m - n) u n ~ m Tr Vm t H . 
This can be rewritten as the action of an integral operator on the Whittaker function Vl/| _0 (n) = t n 

e(«)-*r°(n)=L(u|t)*r°w. 

where acts on functions on Z as follows: 

• /(n) = ®( m ~ n ) un ~ m f( m )- 

Now consider the case i = 1. Let V ni>n2 be the finite-dimensional irreducible representation of 
$j[ 2 corresponding to a partition (721,722), ni > 712. Let ffj, z = 1,2 be generators of the diagonal 
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Cartan subalgebra. The q = specialization of the g-deformed gl 2 -Whittaker function is expressed 
via characters of irreducible finite-dimensional representations as 



\mi +m2 =ni — ri2 



.rti+l.ri2 j.n2 + ni+l 
E 1 l 2 l 1 l 2 

h-t 2 



The local L-factor has the following representation: 

oo 

Li=°(u\t u t 2 ) = (1 _ u _ H )(1 _ U - H ) = Trq^^^- 1 ^)^^ 1 ^)^ = ^n^Tr^otf 1 ^ 2 , 

where Hj, j = 1,2 act in C[zi,.z 2 ] as .f/j = Zjd Zj . The following identity (a particular instance of 
the Richardson-Littlewood rule) holds: 

X(n,r 2 ) ' X(k,0) = ^ Xpi,P2i 

where Xm,n 2 (*i> ^2) := Tr v^^if 1 ^ 2 an d the sum goes over the subset £ Z, 2 for which 

P2 +Pi = H + ^2 + k, pi > ri p 2 >r 2 , ri>p 2 . 
This can be rewritten as follows: 

Xn 1 ,n 2 (il^2)XS''C 2 (^ 1 *l>^ 1 *2) = (4.15) 

= e(m 1 -n 1 )e(n 1 -m 2 )e(m 2 -n 2 K 1+n2 - mi " m2 Xmi)m2 (z 1 ,z 2 ). 

Thus we recover a special case of (4.13) with the kernel of the Baxter operator given by 
Q(u\n 1 ,n 2 ;m 1 ,m 2 ) = 9(mi - m)6(ni - m 2 )<d{m 2 - n 2 ) n «i+™2-mi-m 2 _ 

Let us finally note that the elementary Baxter operator (3.6) can be obtained as a limit of its q = 
counterpart. 

Proposition 4.3 Let u = t x and let rii(t,Xj), rrij(t,yj) be the corresponding integer parts of 
Xj/logt, yj/logt respectively. Then the following identity holds: 

QW(x 1 ,---x t+1 ;y 1 ,...y e+1 \\) = (4.16) 

= lim Q q=0 (u\ni{t,xi), . . . n i+1 (t, x e+1 ); mi(t, yi), . . . , m e+ i(t, ye + i)). 

Proof. The proof is straightforward. □ 

5 Elementary special functions as symplectic volumes 

In this Section we represent the elementary special functions defined in the previous Section as 
equivariant volumes of finite-dimensional symplectic spaces. As was already noticed at the end 
of Section 2 this representation is not surprising, given the existence of a similar representation 
of classical Whittaker functions and local L-factors as equivariant volumes of infinite-dimensional 
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symplectic spaces of holomorphic maps of a two-dimensional disk into finite-dimensional symplectic 
spaces [GL06], [GL07], [GL08]. In the limit when the S^-equivariance parameter h corresponding 
to disk rotations goes to infinity, the corresponding equivariant volume of the space of holomorphic 
maps of the disk into X tends to the equivariant volume of X given by an elementary analog of 
the corresponding special fucntion. In this Section we demonstrate directly that C/^+i-equivariant 
volumes of flag spaces = GL^ + i(C) / B are equal to elementary g[^ +1 -Whittaker functions 

(2.4). The same relation also holds for [l + 1, 1)-Whittaker functions and local L-factors. Thus, 
for elementary analogs, we prove the relation between symplectic volumes and special functions 
for a more general case than was done in [GL08]. In this Section we also provide a reformulation 
of the eigenfunction property (2.11) of the elementary Whittaker function in terms of symplectic 
geometry. 

Let Bi + i = GL(_ + \{G)/B be a flag space of GLg + \. It can be identified with the factor Ug+i/H 
of the unitary group Ug+i over the Cartan torus U[ +1 of Ug + i. The space Ug + i/H on the other 
hand is obviously a coadjoint orbit O uo of a regular element no £ u| +1 . This interpretation provides 
a family of Kirillov-Kostant symplectic structures on the Bg+i parameterized by positive cone in 
the dual to the Cartan subalgebra f} G Ug + i (see e.g. [K]). In the following we identify both u| +1 
with ue + i as well as f)* with f) via the Killing quadratic form on Ug + \. 

Let uq = zdiag(xi, . . . , xg + \) £ u| +1 with x\ > X2 > ■ ■ ■ > xg + ±. The Kirillov-Kostant symplec- 
tic form oj on an open part of the coadjoint orbit O uo can be written explicitly as follows. Consider 
the closed two-form on Ug + i 

=6Tru 6gg-\ g€U e+1 , 

where trace is taken in the standard representation ug + \ — > End(C^ +1 ). This two- form is a lift of 
the Kirillov-Kostant closed non-degenerate two-form co Uo on O uo along a projection Ug + \ — > O uo , 
such that g — > u = g~ 1 uog. The action of the group Ug + i on (O uo ,lo U() ) is Hamiltonian and the 
corresponding momentum map is given by 

H(g,u ) := u(g,u ) = g~ l u$g. (5.1) 

Proposition 5.1 The following representation for the elementary Whittaker function (3.1) 

holds: 

x e+1 ( x ^ ■ ■ ■ = / e^o+E^i^^^ Uq = , diag(xi) _ _ . jXe+1 ) t (5.2) 

where Hjj are diagonal components of H(uo,g). 

Proof. The integral (5.2) can be calculated using the Harish-Chandra formula for orbit integrals 

/(«o,A)= / gTrOrW) YO \ Ue+l/H (g) = A~ 1 (x)A- 1 ( i \) det||e^||= (5.3) 

Jgeu i+1 /H 

= A- 1 {x)A- 1 {tX) {-l) l{s) e^ lx ^ x \ 

where A = diag(Ai, . . . , A^+i) with Ai > ■ ■ ■ > A^ + i and the measure vol^ is the canonical 
volume form on the factor Ug+i/H induced by the Killing form on ug+i- Here we also denote 
A( z ) = Y\i<i<j<e+i( z i ~ z j)- Thus, taking into account (5.1), to derive (5.2) from (5.3) one should 
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compare vo\ Ue+1 / H with the Liouville measure oo^/dl where d = ^ dim(Ue+i/H). Both vo\jj 1+1 /h 

and uiu" i<yUl+1 ^ H ^ 2 are L^+i-invariant top-dimensional forms on B and thus it is enough to compare 
these measures near the projection of the unit element e £ Lfy+i. Simple calculation gives 

"to = dl A ( x ) vol u e+1 /H, 

Thus we obtain 



I 



Taking into account (3.2) we obtain (5.2). □ 

The identity (5.2) can also be proved explicitly using a Gelfand-Zetlin type parametrization on 
an open part of the regular coadjoint orbit O uo of U^ + \ [AFS]. Recall that an open part of the regular 
coadjoint orbit O uo allows a parametrization in Darboux coordinates {Tij,9ij}, l<j<i<l+l 
so that the symplectic form co Uo is given by 

i>3 

Here B%j are periodic coordinates Qij ~ + 1 and GM, l<j<i<^ + l satisfy the 
Gelfand-Zetlin conditions 

> T id > Ti+ij+i, 1 < j < i < £ + 1, (5.4) 

and we identify Tg + ij := Xj, j = 1, ...,£+ 1. Thus the image of an open part of O M0 under the 
projection along an .£(£ + l)/2-dimensional torus parameterized by 6%j € K, 1 < j < i < £ + 1 is 
a convex Gelfand-Zetlin polytope "P^+i in R^ +1 )/ 2 defined by the conditions (5.4). In coordinates 
(T, 9) the components of the momentum map of the action of the diagonal Lie subalgebra u{ +1 C 
U£ + \ are given by 

j j— i 

1=1 1=1 

Thus the integral, after integration over 0^, can be written in the following form: 



•^+1 •M+i i<i<i<^ 



(5.5) 



where T^- := for i < j. This integral representation coincides with the Givental type integral 
representation (3.8) and thus we again recover the identity (5.2). 

Remark 5.1 The appearance of the Gelfand-Zetlin polytope Ve+i i- n the Givental type integral rep- 
resentation (3.8) is related with a deep duality relation between the Gelfand-Zetlin and the Givental 
realizations of representations ofUgl e+1 discussed in [GL02J. 

The relation (5.2) can also be understood as a limit of the identification of the q = Q^ + r 
Whittaker functions with the characters of irreducible representations of 0^ +1 . Indeed, according 
to the Kirillov philosophy, unitary irreducible representations of a Lie group G can be obtained by 
quantization of coadjoint orbits of G [K]. In the other direction, a classical limit of the character of 
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an irreducible representation is given by a G-equivariant symplectic volume of the corresponding 
coadjoint orbit. The precise relation in our case is as follows. The orbit integral (5.3) is equal to a 
limit of the character (4.4) of an irreducible finite-dimensional representation of 0^ + i 

f e^+ESil W«o) = a(kc) Hm X e -ix 1 ,..., e -^ +1 (e teA V--,e teA ^) ^ 
Jb 1+1 Xe-ixi,..., e -i a:£+ i (!,•••,!) 

where 

1 «+i 

k-*,^ ^) = Tn^ E ("^ IP ( ^ )+m_s(j))Aj - 

A similar interpretation holds for the elementary {t + 1, 1)-Whittaker functions (3.10). Note that 
these functions can be obtained either by specialization of the previous formulas or as equivariant 
symplectic volumes of the partial flag space GLc + i/ 'Pe,e+i = 

Proposition 5.2 The elementary (£+1, 1) -Whittaker function associated with the partial flag space 
F e has the following integral representations: 



„ e+i e+i „ e+i 

W Xl _ Xe+1 (x) = / J] dt 3 e^ S(J2 tj-x)= J] dtj e^ , (5.6) 

J K +1 7=1 U Ja ^) 7=i 



£+i e+i £+i 

n 

where Ag(x) is a simplex defined by the equation Yl'jtX tj = x in 



Proof. This representation can be derived straightforwardly from (3.10) taking into account 
/ °° dte~ at = a~ 1 ,a>0. □ 

The simplex in (5.6) can be understood as an image of the projective space under the 
i/f-momentum map. In this respect it is an analog of the Gelfand-Zetlin polytope Ve+i in (5.5). 
Indeed the Darboux coordinates (T, 9) on an open part Ou} of the coadjoint orbit O uo define the 
Hamiltonian action of the torus 7 1 ^(^+ 1 )/ 2 acting by rotation on 6ij. The momentum map for this 

action maps Ouq onto the Gelfand-Zetlin polytope Ve+i- 

Now we provide a similar interpretation of the elementary local L-factors (3.19) as equivariant 
symplectic volumes of non-compact symplectic spaces. Let us equip the vector space V = C £+1 
with the standard symplectic structure 

i £+1 

oj = - dz^ A dz? , 
j'=i 

where (z 1 , . . . , z i+1 ) are complex linear coordinates on V. The standard action of U# + i on V is 
Hamiltonian. Explicitly the action of the diagonal subgroup U[ +l C C7^ +1 on V is generated by 
vector fields 

d d 



The corresponding momenta Hj (i.e. solutions of equations i Vj oo = dHj) are given by 

H j = Z -\zi\ 2 , j = !,-■■ ,(£ + 1). 
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The U[ + -equivariant volume of V is defined as the integral 

Lemma 5.1 The elementary local L- factor associated with the vector space V = C e+1 is expressed 
through the equivariant volume (5.7) as follows: 

L v\ s ) = z ( x i , *e+i ~ s). 

Proof. Direct calculation of the Gaussian integral (5.2). □ 

Finally let us give an interpretation of the eigenfunction property (3.22) of the elementary 
Whittaker function with respect to the action of the elementary Baxter operator. We consider 
the simplest cases i = 0, 1 leaving the general case for another occasion. Let (M,u,G, fi) be a 
quantizable G-symplectic space M with a symplectic form u> and a fixed momentum map fi : 
M — > g* where g* is dual to g = Lie(G). Here quantizable means that one can naturally associate 
with (M,u},G,fi) a unitary G-module Vm- In general the representation Vm associated with the 
quantizable symplectic manifold (M,uj,G,fj,) has a non-trivial decomposition on irreducible G- 
representation 

V M = e aeRep(G ) V a <g> W a , (5.8) 

where W a = HomG(V a ,VM) = V* ®g Vm are multiplicity spaces. Let us recall a realization of 
this decomposition (5.8) via symplectic geometry of the underlying symplectic space M (see e.g. 
[GLS]). Given quantizable symplectic spaces (Mi,G,u±, fii), (M2, G, u>2, ^2) with corresponding 
unitary G-modules Vm x and Vm 2j the space of linear G-maps HomG(VM 11 VM 2 ) can be obtained 
by quantization of a symplectic space associated with (Mi, G, oj\, //i), (M2, G, 0J2, H2) as follows. 
Consider the space (Mi x M2, G, ui—U2,^i — H2) where G acts diagonally on Mi x M2. The vector 
space of G-maps Homcr(V2, V\) can be obtained by quantization of the Hamiltonian reduction of 
the space (Mi x M2, G, oj\ — 0J2, fJ-i — ^2) over zero values of the G-momentum map /J ot = — ^2- 
Let us denote the result of this reduction by N{M\, M2). 

According to Kirillov (see e.g. [K]) an irreducible representation V\ of a Lie group G charac- 
terized by a weight A shall be associated with a coadjoint symplectic orbit 0\ of an element A G g* 
supplied with the Kirillov-Kostant symplectic structure u)\. Thus for the special case M2 = 0\ the 
reduced space N(M, 0\) is given by a factor of the zero momentum subset 

MM - Ho = 0, (5.9) 

over the diagonal action of G. The locus (5.9) can be identified with Mq = ^^(Ox) and thus 
the symplectic counterpart of the multiplicity space HomciVx, Vm) is obtained by Hamiltonian 
reduction of M over the coadjoint orbit 0\ 

N(M, O x ) = M//^ M=X G := ^ M \O x )/G. (5.10) 

The symplectic counterpart of the decomposition (5.8) is given by a realization of M as a stratified 
symplectic bundle (see e.g. [GLS]) with base f)*, f) = Lie(H), and with fibres over A € f)* being 
H\X 0\X (M/ / m= aG). Here H\ C H is a subgroup of the Cartan subgroup H C G depending on 
A. Note that one can have H\ = 0. Let us now apply these considerations to the construction of 
symplectic counterparts to the Baxter operator for low ranks i = 0, 1. 
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For i = we consider two lq -modules V n and Vc = C[z] such that the generator H of Lie(CTi) 
acts as 

H \v n =n, H\ Vc = zd z . 

The modules V n and Vc can be obtained by quantization of the symplectic Lq-spaces (pt, U\,oj = 
0,/x„ = n) and (C, Ui,u)c,fJ> = \\z\ 2 ) where uic = \dz A dz. The Hamiltonian action of U\ is given 
by e %e : z — ► e' ld z. 

Recall that the q = specialization (4.11) of the (/-deformed Baxter operator is associated with 
the decomposition of the product V n ® % into irreducible representations 

V n ®V C = © me z> K +m , V C = ®m&L^y m - (5.11) 

We would like to find a symplectic geometry counterpart of this decomposition. The multiplicity 
spaces are given by 

Homu 1 (V m , V n <g> Vc) = C, m > n, 

Hom Vl (V m , V n ® Vc) = 0, m < n. 

Using (5.10) we obtain for symplectic analogs N\ = C//n=\U(l) of the multiplicity spaces 
Homu^Vm^Vn ® V c ), 

N x > = pt, iVA<o = 0. 

The symplectic geometry analog of the decomposition (5.11) is a bundle over the stratified space 
R = R<a U {A} U M>a such that the fibre over R<a is the empty set, the fibre over {A} is a point 
and the fibre over R>a is S 1 . This indeed provides a model for C via momentum map projection 
fj,un\C — » R. Classical counterpart of the decomposition (5.11) for the equivariant symplectic 
volume integral can thus be written in the following form: 

f eWc +W 1Xe -.Ar = f gWc+r^-iA) = f dOdp &(p- \)e- lTp . 

Jc Jc Jt^s 1 

Let us now consider the case of £ = 1. We have two [/2-modules V ni>n2 and Vc2 = Cfzi,^] 
such that diagonal generators Hj, j = 1,2 of Lie(C/2) act as #j|y ni „ 2 = Hj\v c2 = Zjd Zj . The 
Hamiltonian action of U2 on C 2 is given by g : Z{ — > Ylj=i 9ij z j an d * ne corresponding momenta 
are 

(Mc 2 )ij = 2 Zi %' 

with respect to the symplectic structure 

1 

w C 2 = - {dz\ A dz\ + A dz<i) . 

The modules V^ lj7l2 and V C 2 can be obtained by quantization of the symplectic C/2-spaces (P 1 , U2,oj Sly 
(si — S2)w_F5, //pi) and (C 2 , t/2, wc 2 > Mc 2 ); where cjfs is the Fubini-Studi symplectic form on P 1 , and 
the momentum map in stereographic coordinates is 

si + s 2 \z\ 2 

^ = '(i + kl 2 )' 

The (7 = Baxter Q-operator is associated with the decomposition of the product V ni) n 2 ® ^c 2 into 
irreducible t/2-representations. The Baxter eigenfunction equation (4.15) can be represented in the 
following form 

V ni ,n 2 ® Vc 2 = ffimi+m 2 =ni+n 2 +r6("ii - ni)0(ni - m 2 )Q(m 2 - n 2 ) V mi!m2 . (5.12) 
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The symplectic geometry counterpart of this decomposition is a representation of the product of 
a U 2 coadjoint orbit O sljS2 , s± > s 2 and C 2 as a bundle over a stratified space Ui ©Ui = P 2 with 
generic non-empty fibre S 1 x S 1 x 0\ 1; \ 2 x N(s±, S2IA1, A2), where Ai > A2. The symplectic space 
N(si, S2IA1, A2) is a symplectic counterpart of the multiplicity space Hom[/ 2 (y miim2 , V nitm <8> Vc 2 )- 
We construct this representation by rewriting the l^-equivariant symplectic volume integral 

Ig s1S2 xC*&ti,t 2 )= ! u JsuS2 d 2 z 1 d 2 z 2 e T ^ +T ^ + ^, (5.13) 

JO Sl ,s 2 xC 2 

where [i = fx C 2 + /x P i is a momentum map C S1 , S2 x C 2 — > u 2 , = (/^c 2 )n + (^c 2 )22 and oj s1iS2 is 
the Kirillov symplectic form on SltS2 = P 1 . The integral (5.13) can be rewritten as follows: 

r 2 

IOwX&fc Tl,T 2 ) = / U S1 , S2 d 2 Zl d 2 Z 2 d A U J [ 5(jHj - Uij) e 1Wl^^. 

io s , .«o xC 2 xuS „■ „■_•■ 



2 i,j=l 



A generic element u € g* can be represented asu = g~ 1 uog, g € U 2 /U 2 and «o = «diag(Ai, A2) such 
that Ai > A2 via a projection g* — )■ t*/W. We have the following relation between the integration 
measures (c.f. the Weyl integration formula): 

d 4 u = ^A 2 (A) vo\ U2/u *(g) A dAi A d\ 2 , A(A) = [] (A, - A,), 

i<«<i<2 

where vol^/^ is the induced volume form on the coadjoint orbit U 2 /U 2 . Thus we obtain 
/ o s1 . S2 xc 2 (?;n,T 2 ) = - / vo^ mafo) cZAi dA 2 A(A) J 0s xc 2 (9, Ai, A 2 , n, r 2 ), 

where 

r 2 

Jo., s v C2 (<?,Ai,A 2 ;?;n,T 2 ) = A(A) / Wsi)ia d 2 z x d 2 z 2 ] [ <5(/^ - u tJ ) ^11+™+^, = 

JO ei , S2 xC* 



Ti tin (u ,S)+T 2 M 2 2 («0 ,9) 



A(A) / Wsi;S2 d 2 ^ d 2 z 2 ]7 ^ - XiSij) e T(M 2 +M 2 ) . 



In the last formula we use 5C/(2)-invariance of the integral. Thus we obtain 

I o s , S9 xC 2 (C;n,r 2 ) = / dAi<fA 2 J(si,s2;Ai,A 2 )i ? (Ai, A 2 ;ti,t 2 ), (5.14) 
Jr 2 



where 



J(si,s 2 ;Ai,A 2 ) = ^A(A) / u SuS2 d 2 Zl d 2 z 2 JT <5( Wj - A j( %)eT(NI 2 +NI 2 ), 

2 io.„..,„xC 2 



'C sl , S2 xC 2 jj =1 
and 

F(Ai,A 2 ;r 1 ,r 2 )= /" u, Al , A2 e™ 1+ -™ 22 , (5.15) 

where we use wai,a 2 = ^(A)vol C72 / [/ 2. The integral (5.15) is the C/2-equivariant symplectic volume of 
the coadjoint orbit 0\ 1: \ 2 and is classical counterpart of the character of the irreducible represen- 
tation associated with the coadjoint orbit. On the other hand the function J(si, s 2 ; £; Ai, A 2 ) shall 
be considered to be classical analog of the multiplicity function dim Hormy 2 ( ;m2 , V ni>n2 <S> Vc 2 )- 
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Proposition 5.3 One has the following expression for the integral: 

If 2 

J(ai,s 2 ;6Ai,A 2 ) = -A(A) / w ai , 8a d 2 z x d 2 z 2 TT 5( Pij - A i( %)eV(M 2 +l^ 2 ) = ( 5 .i 6 ) 

= e ^i+ s 2- A i- A 2)e(A 1 - si)0(si - A 2 )G(A 2 - s 2 ), 
where Ai > A 2 and si > s 2 . 

Proof. The calculation for general si, s 2 can easily be reduced to the case s 2 = and si = s. 
In this case the integral can be calculated using the representation of the integral over the orbit 
O = P 1 via the integral over C 2 



J(si,s 2 ;^;Xi, A 2 ) = A(A) / d 2 w\ d 2 w 2 d 2 z\ d 2 z 2 x 

Jc 2 xC 2 

2 

x [J + - («o)y)<*(H| 2 + Kl 2 - (si - s 2 ))eT(M 2 +l^l 2 ) 

= A(A) / d 2 wi d 2 u> 2 (i 2 zi d 2 ;z 2 x 5(jzi| 2 + |u>i| 2 - Ai)5(|z 2 | 2 + \w 2 \ 2 - A 2 )x 

-x5(ziz 2 + u;iu) 2 )(5(zi2; 2 + u>iu/ 2 )<5(|iui | 2 + ju> 2 | 2 - s)e^ (|zi|2+|z2|2) . 
Let us introduce the variable £, = z\z 2 + w\w 2 and integrate over £ to obtain 

A(A) | rfV d 2 u, 2 5 (^p^ + HI* " A i) 5(k 2 | 2 +k 2 | 2 -A 2 )<5(ki| 2 +k 2 | 2 - S )e^+ A2 - s ). 
Integration over w\ gives 

e <(A 1+ A 2 -s)^) J d 2 W2d 2 Z2 S ( \ Z2 f + \ W2 f-\ 2 )5 (^W + faf-s), 



A 

and further integration over z 2 provides 

e *(A 1+ A 2 - S ) A^) | ^ @(A2 _ j^p^ ^ (A2 _ jw2j2) + |w2|2 _ ^ = 

= e <(A 1+ A 2 - s) AjA) /- ^ e(A2 _ t)J / Ai + A^-A^ _ \ 
A 2 Jo V A 2 / 

Finally after integration over i and taking into account Ai > A 2 we arrive at 

J(0, a; Ai, A 2 ) = eT( A i+ A2 - s )e(A 2 )e(Ai - s)9(s - A 2 ). 

This finishes the proof of the Proposition. □ 

The integral representation (5.16) is the symplectic integral representation of the Baxter oper- 
ator kernel (4.12) for £ = 1. 
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6 Equivariant symplectic volumes and nil-Hecke algebras 



In Section 3 we constructed an elementary g[£ +1 -Whittaker function and demonstrated that it 
provides a solution of the eigenfunction problem for the quantum billiard associated with the Lie 
algebra Further, in Section 5 the elementary g[ £+1 -Whittaker functions were identified with 

C/£ + i-equivariant symplectic volumes of flag spaces Bt+\ = GLi + i/B. Thus we have managed to 
express eigenfunctions of the quantum billiard via equivariant symplectic volumes of flag spaces. 
This connection between quantum billiard eigenfunctions and equivariant symplectic volumes can 
be considered as a manifestation of a general relation between quantum many-body integrable 
systems, representation theory of the Hecke algebras and (generalized) equivariant cohomology 
of G-spaces (see e.g. [CG], [Ch] for detailed discussions). Thus a description of G-equivariant 
cohomology Hg(B,C) of the flag space B = G/B in terms of the nil-Hecke algebra % nil {G y ) 
associated with the dual Lie group G v was proposed in [KK] (see [BGG] for non-equivariant case). 
Below we consider the special case G = G v = GLg + i and demonstrate that the results of [KK] are 
compatible with the considerations of our previous Sections. 

Let us first recall some standard facts on the nil-Hecke algebra associated with the Lie algebra 
fllf+i (see e.g. [CG]). Let $ be the root system of glg+i- We identify the diagonal Cartan subalgebra 
f) C 0^ + i with R e+1 and fix a basis {e^}, i = 1, . . . £+1 in I), orthonormal with respect to the bilinear 
form (, ) induced by the Killing form on 0l^ + i- We define coroots as a v = 2a/(a,a). Using the 
Killing form we identify rj and its dual rj*. The positive simple roots of are given then by 
ccj = ej+i — ej, % = 1, . . . ,£. The Weyl group acts on rj by reflections 

s a -- y — >y-{a,y)a J , a G (6.1) 

and is isomorphic to the permutation group S^+i generated by elementary permutations S{ = <7j j+i 

acting on the basis {e^}, j = 1, . . . , (£+1) in IR^" 1 via permutations of the indexes. Let s rnax 

be the element with reduced decomposition of maximal length. It can be written for example as 

follows 

Smax = -SlS2SiS3S 2 Si • • • S£S e -l ■ ■ ■ S 1 . (6.2) 

Definition 6.1 The nil-Hecke algebra associated with the root system $ of gl i+1 is an asso- 
ciative algebra generated by R s , s G &e+i, Di, i = 1, ...,£ + 1 and a central element c with the 
following relations: 

(R 88 > if l(s) + l(s') = l(ss') 

R s -R S ' = { (6.3) 

[0 if l(s) + l(s')^l(ss'), 

Di Dj - Dj Di = 0, (6.4) 

Ri • Dj - D Si{j) ■ Ri = cSij. (6.5) 

The generators Ri := R Si corresponding to elementary permutations s, satisfy the following rela- 
tions: 

RiRj = RjRi, \i — j\ > 2, 

RiRi+lRi = Ri+lRiRi+l, (6.6) 
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and generate the nil-Coxeter subalgebra W ml C %™+V In particular operators 

R s = R Sh R Si9 ■ ■ ■ R Sii , s = s h s i2 ■ ■ ■ s k , (6.7) 



are zero unless the product representation of s in terms of elementary reflections has minimal 
length. The corresponding element (6.7) is independent of the choice of the product decomposition 
of s. 

The nil-Hecke algebra Uf^ is a semidirect product of W ml and the algebra C[h] of polynomial 
functions on f). The center Zg+i of H"!^ is isomorphic to the algebra of &£+\ -symmetric polynomials 
of the generators Di, i = 1, ...,(£+ 1). Irreducible representations of can be characterized 

by their central characters i.e. homomorphisms Z^i — > C and a homomorphism Zi + \ — > C is 
uniquely defined by &e + \ -orbits of an element A G f). 

Let W\ be the linear space generated by the exponential functions ^f\ jS (x) = exp(t(s ■ X,x)) on 
f)* and let {s ■ X\s G &e+i} be the orbit through a fixed element A G f). Wa may be identified with 
the space of common eigenfunctions of the ring £HffJf £+1 of &e+\ -invariant differential operators on 
t)* with constant coefficients 

V x -V^ a {x) = x(*A)tf A)i (aO, (6-8) 

where £> x G SHfff * +1 is the differential operator corresponding to x £ C[h] 6<?+1 via the isomorphism 
Difff £+1 = C[h] 6 w. The space of solutions has cardinality and is given by linear combi- 

nations of the exponents. The following integral/differential operators provide a realization of the 
irreducible representation it : — > End(WA): 

n(R j )-g(x) = / ' g(x-ta j )dt, (6.9) 
Jo 

7r (D j ).g(x) = c^-, (6.10) 
where g G W\. Equivalently these operators can be written as follows: 

e t(X ' X) = ~ tA , (6-H) 

l{\,Ctj) 



ir(Dj) e l < A '*> = ic(X,a j )e< X ' x l (6.12) 

From now on we shall abuse notations and use the symbols Rj and Dj for the images ir(Rj) and 
Tr(Dj) of the generators in the representation W\. 

We call a vector Vl/^ G W\ to be of class one if it satisfies the conditions 

R^f ) (x) = 0, i = l,...,(£ + l). (6.13) 

This condition is a nil-Hecke analog of the sphericity condition for affine Hecke algebras [CG] and 
uniquely defines a class one vector in W\. Taking into account that l(sis max ) < l(si) + l(s max ) and 
the relations (6.3) for R{ ■ Rj, we infer that the class one vector can be written as follows 

*[°\x)=Rs max e^. (6.14) 
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Proposition 6.1 The class one vector in the representation W\ ofH™^ solves the eigenfunction 
problem of the quantum billiard (3.11), (3.12) associated with the root system of Ql i+1 . 

Proof. Let us note that it is possible to write s max as a minimal length product of the elementary- 
reflections starting with any Sj, and thus obtain 

*f{x) = R 8i R s .e t ^. (6.15) 
Now using the realization (6.9) for i?j := R Si we infer that 

^\x)\ Xj =x i+1 =0, j = l,...,l (6-16) 
Thus taking into account (6.8) we prove the statement of the Proposition. □ 

In previous Sections we show that the elementary g[^ +1 -Whittaker function ^^\x) (3.2), (3.3) 
is a quantum billiard eigenfunction. Now we explain how the relation (5.2) between elementary 
0^+i-Whittaker functions and L^+i -equivariant symplectic volumes of flag spaces Bi+\ arises via a 
relation between nil-Hecke algebras and equivariant cohomology of flag manifolds. 

The class one vector (6.14) solving the set of equations (6.8) can be expressed through Ue + \- 
equivariant symplectic volume of the flag space B^ + \. This follows from a general connection 
between equivariant cohomology of flag spaces and nil-Hecke algebras which we review below fol- 
lowing [KK] (see also [CG]). Let us start with the non-equivariant case. Recall that the flag space 
Be + i has a Schubert cell decomposition, with cells O s enumerated by elements s G &e+i of the 
corresponding Weyl group. The homology classes [O s ] provide a basis in the homology groups 
H*(Be+i,Q) and we denote by a s G H*(Bg+i) the dual cohomology classes. Thus for example 
aid = 1 is dual to the fundamental class of Bz + \ and a Smax is dual to the unique zero homology 
class. The following orthogonality relation follows from the standard intersection product relations 
between Schubert classes 



(a s a s >) = 5 S!SmaxS >, (w) := / w. 

JB t+1 

There exists another description of the cohomology groups of flag manifolds due to Borel 

H*(B e+1 ,C) = C[ yi ,...,y e+1 ]/J, (6.17) 

where the ideal J is generated by / G C[yi, . . . , ye+i] 6i+1 , /(0) = 0. Here the element (<p,y), 
y G f)J in the right hand side of (6.17) corresponds to the image of the first Chern class ci(C v ) of 
the line bundle C v associated with the weight (p. Let us denote by / the element of H*(Be+i,C) 
corresponding to / under the isomorphism (6.17). 

The pairing of an element / G H*(Be + \,C) with the fundamental class of Bg + i can be expressed 
in the integral form 

(/) " £ *■ ■ ■ ■ * +1 nHw ' 1 6 h " (Bm) ' (6 ' 18) 

where ej(y) are elementary symmetric functions 

£(-l)V +1 -' ej (y) = f[(z - Vj ), (6.19) 

3=0 3=1 
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and the integration domain Cq encloses the poles of the denominator. 

The representatives of the dual Schubert classes a w € H*(Be+i) in the polynomial ring 
Q[yi, • • • , ye+i] are called Schubert polynomials. For example one can take 

<r Srnax (y) = Tq— { II (Vi-Vj)- (6.20) 

l<i<j<e+l 

The cohomology H*(Bz + \) of the flag space admits the structure of a module over nil-Hecke 
algebra Wl+i- Precisely, the following operators 

R,-p{y) = m ; p{s :- y \ (6.21) 



D i .P(y) = ic(a i ,y)P(y), (6.22) 

define an action of the nil-Hecke algebra on the space of polynomials P € C[yi, • • • , ye+i]- 

This action commutes with the multiplication on G^+i -invariant polynomials and thus descends to 
the Borel realization (6.17) of H*(Bi + i) to provide an action of IVl+i on H*{Bi + \). The action of 
the nil-Hecke algebra provides expressions for generic Schubert polynomials, thus 

a s (y) = R s -i Smax cr Sma Av)- ( 6 -23) 

The pairing of the product of an element / € H*(Be + i) and a Schubert class a s with the fundamental 
class [jB^+i] is given by 

(fa s ) = R s - 1Smax .f\ y=0 . (6.24) 



Let oji = yt be generators of H 2 (B^ + i). Then, using the general formula (6.24) in the special 
case f(x) = exp(zJ2 £ j=i Vj x j)i we obtain the following representation for the symplectic volume of 
B e+ i: 

Zs e+1 (x) := / = R Smax . e £jii "™ \ y=0 . (6.25) 

Example 6.1 For 1 = 1 the element of the Weyl group with maximal length is s max = s±, inter- 
changing y\ and yi . Thus we have 

Z B2 {x) = / e ™+™ = R si • e wi+W2| = 1 = (xi _ X2 y 

Now let us consider an equivariant analog of the relation between the symplectic volume of 
Bi + i and representation theory of H™!^. Let Tg + i C Ug + \ be the diagonal Cartan torus. The Tg + \- 
equivariant cohomology of the flag space Bn + \ has the following description generalizing (6.17): 

H^ +1 {B e+1 ,C) = C[y 1 ,...,y e+1 ,X 1 ,--- ,A m ]/J, (6.26) 

where the ideal J is generated by functions f(y) — /(A) where f(yi,--- ,ye+i) is an arbitrary 
6^+i-symmetric polynomial function. Linear functions (co, y) = Y^jt^i^jVii correspond to T£+i- 
equivariant extensions of the first Chern classes c\{C u ) of the line bundles associated with the 
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integral weights to of the Lie algebra 0^ +1 . The C/^+i-equivariant cohomology H^ (+i (B£ + i) can be 
similarly realized as follows: 

H* Ue+i (B e+l , C) = C[yi, . . . , y t+ i] ® C[Ai, • • • , \ e+ if e+1 /J, 

where the ideal J is the same as above. In the equivariant case the pairing with the fundamental 
cycle [B e +i] is given by 

- pdk i *■ • • • *»■ nfJ, (S - e j( A)) ■ ' e ««>- 

where ej(z) are elementary symmetric polynomials (6.19) and the integration domain C encloses 
all singularities of the denominator. The integral reduces to a sum over the residues and is given 
by 

(/)a = ^t E (- 1 ) ,W /( s -f)l w =A i . A ( A ) : = II ( A *" A i)- 
^ > see e+1 i<i,j<e+i 

Define a pairing between the space -F(F)*) of analytic functions on f)* and polynomial functions 
C[fj] as follows: 

((/^)) = [/W-5(j/)] . /e* (6.28) 

where [/]o is the constant term of the series expansion of / in a neighborhood of y = 0. The space 
W\ defined by (6.8) is dual to the cohomology groups given by (6.26) with respect to the pairing 
(6.28) i.e. 

W x = {g£ C((ff ))|(/(fy) - /(A)) • g(y) = 0, for any / G J}, 

where J C C[h] is the subspace of (5^+i-invariant polynomials. Note that operators i?; and Dj 
given by (6.21), (6.22) are conjugate to the operators Ri and Dj given by (6.9), (6.10) with respect 
to the pairing (6.28). Let us define the basis {T> s }, s G &e+i in W\ to be dual to the basis of the 
Schubert polynomials {a s } in H*{Bp + \). 



Proposition 6.2 One has 



Proof. First we have 



(f)x = Rs max -f(y)\y i =x i . (6.29) 



(/<Ts - )A = l©^(2^?+ T / ^■■■^ +1 nSi(e,(l/)-e,(A)) = j6^l s6 ^ +1 

where in the last step we replace the integral by the sum over residues. Now we have 

(f)x = ((/,£>«)) = (U,R Smax V Smax )) = ((R Sma J,V Smax )), 

where we use the dual version of (6.23) for s = id. Using the duality between cr Smax and T> Smax we 
obtain 

(f)x = {{Rs max f) °~S ma x)x = R-Smax f{v)\yi=Xi- 

Here at the last step we take into account that R Smax f(y) is a symmetric function. □ 
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Proposition 6.3 Suppose that uJi(X) are the equivariant cohomology classes represented by the 
generator y^ in the Borel realization (6.26). Then we have for equivariant symplectic volume 

Z(x,X) := [ eEjii«*W*J = ( e ^5^) A = . = (6 . 30 ) 

— n s m „ e 

Proof. The result follows from (6.29) applied to the special case f(y) = exp(z ^2j=\ Vj x j)- D 

Example 6.2 For £ = 1 we have s max = s\ interchanging y\ and y2- Thus for the equivariant 
symplectic volume of Bi = P 1 we obtain 

Z B2 {x,X) = [ e'^i+AitfOsi-Kwa+Aafl^a = R 81 ■ e tyixl+%vaX2 \y=x = (6.31) 

*(yi - 2/2) ' y_A «(Ai - A 2 ) 

Comparing (6.30) and (6.14) we obtain the equality of the class one vector G W\ and the 
equivariant symplectic volume Zq (+1 

*f{x) = Z Bl+1 (x,\). (6.32) 

Finally note that the expression (6.14) for the elementary gl^ +1 -Whittaker function ^^\x) con- 
sidered as an eigenfunction of the quantum billiard provides an integral representation for ^>^\x). 
For example for £ = 1 the representation (6.14) with R Sl realized by the integral operator (6.9) 
gives the following: 

fX2~Xl 

*i° 1 ) )Aa (ari,x 2 ) = R ai ■ e t{XlXl+X2X2) = / ^i+t)M+^2-t)x 2 ) dt = ( 633 ) 

•J 



X2 

e l(t\\+{x2+X\-t)\2) Jj. 



'XI 

This integral representation shall be considered as the special case g = gq of an elementary version 
of the integral representation of a g- Whittaker function introduced in [GLOl] for an arbitrary 
semisimple Lie algebra. Note that the integral representation introduced in [GLOl] shares with 
the Givental integral representation the property of positivity. In the £ = 1 case the integral 
representation (6.33) accidentally coincides with the Givental representation (3.8). 

7 Elementary Whittaker function as a matrix element 

In the previous Sections we prove that L^+i-equivariant symplectic volume of flag space Be+i = 
GLz + i/B is expressed through the elementary g^ +1 -Whittaker function. This identification may 
be considered as a limit of the identification of classical gl^ +1 - Whittaker functions with S 1 x U^+i- 
equivariant volumes of the spaces of holomorphic maps of a two-dimensional disk D into Bg+i 
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[GL08]. Recall that the S 1 x C/^+i-equivariant volume of the space of holomorphic maps D — > B^+i 
can be succinctly described as a correlation function for the equivariant type A topological sigma 
model [GL08] , thus providing an infinite-dimensional integral representation of the classical Whit- 
taker function. It was argued in [GL08] that the mirror dual description in terms of the type B 
equivariant topological Landau-Ginzburg sigma model leads to a finite-dimensional integral repre- 
sentation of classical g[^ +1 -Whittaker function. This finite-dimensional integral representation has 
an interpretation as a matrix element of an infinite-dimensional representation of written in 

an integral form. This pair of infinite-dimensional and finite-dimensional integral representations of 
classical Whittaker functions was advocated in [GL08] as a manifestation of the local Archimedean 
Langlands correspondence. 

In this Section we provide an elementary analog of the mirror symmetry by constructing a 
representation of the elementary g^ +1 -Whittaker function (3.1) as a matrix element of a monoid 
GLi + i(TZ) where 1Z is the tropical semifield (for the definition of a tropical semifield see e.g. [MS], 
[IMS]). The correspondence between realizations of the elementary g^ +1 -Whittaker function as 
a L^+i-equivariant volume of Be+i and as a matrix element of a representation of the monoid 
GLn + i(JZ) can be considered as an elementary analog of the local Archimedean Langlands corre- 
spondence. 

Let us first discuss some special features of the integral representations (2.5) of the Ql^ + \- 
Whittaker function. The integral form (2.5) of the Whittaker function arises from the general 
expression (2.1) using a particular representation of £Ygl^ +1 . Let xx be a character of B given 

by (2.3). Then the representation is realized in a subspace Va C Ind B 1+1 X\ °f B- -equivariant 
functions supported at N> x B_ C GL^ + i where is the subset of positive elements of the 
maximal unipotent subgroup N + C Recall that positive elements of GL^ +1 (R) are the 

elements realized in the standard matrix representation by positive matrices i.e. matrices with 
all minors positive (see e.g. [Lu2]). Similarly, positive elements of N + are the elements realized 
in the standard matrix representation by matrices with all non-identically zero minors positive. 
The following parametrization of positive subset N> was introduced in [GKLO] using the results 
of [Lu2] (see also [BFZ]). Let ejj be the elementary (JL + 1) x (£ + 1)- matrix with unit in the 
(i,j)-place and all other entries zero. Consider the set consisting of the diagonal matrices 

k £+1 
i=l i=k+l 

and of their upper-triangular deformations 

k e+1 k-l 

Uk = J^e - **^ + e v+ ^e-^'^v+i- (7.1) 

i=l i=k+l i=l 

The factorized parametrization of follows from the fact that the image of any generic unipotent 
element v G N> in the tautological representation 7r^ +1 : 0^ +1 — > End{Ci + \) can be represented in 
the form 

n e+ i(v) = U 2 U^U^ 1 ■ ■ ■ UeU^Ue+u (7.2) 

where we assume that x^+i^ = 0, i = 1, ...,£+ 1. Using this parametrization the following 
realization of Ugl i+1 by differential operators was constructed in [GKLO]. 



33 



Proposition 7.1 The following differential operators define a realization of representation ir\ of 
0^ + i in V M in the space of functions on : 



i Q 



i — ^ - y~] 1- y~] 



Ei,i+1 



£+l+k-i,k UAk,i 

d d 



k=i fc=i 

n 



~y ^r[^ dx e-i+k,k dx e -i+k,k-i > ' 
= E e^+-+—^-M L. _ + £ { 11 , 



where fj,k = ^ X Aa; — #ere Eij = TT\(eij), i,j = 1, ...,£+ 1 are the images of the standard 
generators eij o/g^ +1 satisfying the relations 

[eij,ekm\ = 0~jk&im 0~mi&kj- 

The matrix element (2.1) written explicitly using this realization of the representation V M is given by 
the Givental integral formula (2.5). Note that the matrix element (2.1) is defined for representations 
such that the action of the Cartan subalgebra can be integrated to an action of the corresponding 
group. The integration of the action of the whole Lie algebra 0^ + i is not necessary and actually 
is not possible for the representation leading to (2.5). This is obvious taking into account that the 
integration in (2.5) is over a subset C N + of positive elements of N + . Thus the function (2.5) 
does not naturally extend to a function on the group for which 

^ x (n„gn + ) = i> + (n + )il>-{n^ x (g) 1 g eGL e+1 (R), n± £ N±, (7.4) 

where the characters of N± are the Lie group version of the characters in (2.2): 



ip ± (n±) = exp 



1 2 " ' ' 
\ j=i+£(i=Fi) / 



n± € N±. (7.5) 



The proper analog of (7.4) for (2.5) is defined as follows. In [Lu2] Lusztig constructed a monoid 
G > of positive elements for an arbitrary reductive Lie group G (recall that a monoid has a mul- 
tiplication operation and a unity but an inverse element is not defined). Consider the monoid of 
positive elements GL^ +1 (R) C GLg+i(M). Elements of GLf +1 (M) can be represented via the Gauss 
decomposition as g = f hn where n is an upper-triangular positive matrix, / is a lower-triangular 
positive matrix and h is a diagonal matrix with positive entries [Lu2]. The monoid GLf +1 (R) nat- 
urally acts on the positive subset N> of the flag space B^ + \. Indeed, the monoid property implies 
that the product of two positive elements of GL^ + \(M) is again a positive element. The Gauss 
decomposition of the product of g G GLf +1 (R) and n <G N> has the following form: 

n- g = f - h-h, (7.6) 

where h <G N+, h G H> and / € N>. We define an action GLf +1 (R) on the positive subset N> of 
the flag space Bi + \ by taking h as the result of the action of g on n € N+. 

Let us consider a monoid GL^ +l over a ring R[$i, . . . of nilpotent elements 3i, . . . ,$n such 
that non-diagonal elements of the lower and upper triangular parts in the Gauss decomposition 
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g = f hn are in nilpotent subalgebras of R^ u = R>[,?i, . . . ,%n] and the diagonal elements of the 
Cartan part are invertible elements of R~^- Let ml GL^ +l be a submonoid of GL^ +1 {R n n) such that 
all strictly lower-triangular elements /j>j of / are nilpotent i.e. f^ = for some large M G Z+. 

Proposition 7.2 T/ie Whittaker function (2.5) can 6e /i/ied to a function on the monoid 

nil GL^ +l such that the following functional equation holds: 

* x (fgn)=i> + (n)i;-(f)* x (g), g £ nU GL> +1 , nG ml N>, fe nil N>, (7.7) 
where the functions tp^ are given by (7.5). 

Proof. The equivariance property (7.7) with respect to nil N+ follows from properties of the right 
Whittaker vector. Equivariance with respect to ml N^ may be reduced to equivariance with respect 
to the Lie algebra and thus follows from properties of the left Whittaker vector. □ 

Now we are ready to provide a matrix element interpretation of the elementary g^ +1 -Whittaker 
functions (3.6). Let us start by recalling the definition of a tropical semifield (see e.g. [MS], [IMS]). 

Definition 7.1 A tropical semifield 1Z is a set isomorphic to R with the following operations 

ax/3 = a + /3, Q+/3 = min(a,/3). (7.8) 

We also introduce the notation a/ (3 := a+(—/3). The tropical semifield 1Z can be understood as 
a degeneration of the standard semifield structure on the positive subset R + C R of real numbers. 
Indeed, consider the semifield R^ with the following operations 

ax R b = axb, a+ h b=(a h + b h ) 1/h . (7.9) 

The semifield R^ is isomorphic to R^ = R+ via the map a — > aft. Let a = e~ a , b = e _/3 , a, (3 € R. 
Then in the limit h — > +oo the operations (7.9) are transformed into the tropical operations (7.8): 



ax/3 := - lim log (e a x h e 13 ) = a + ft, 
a+/3 = — lim log ( e~ a +n e _/3 ) = min(a, (3), 



and the semifield R^ turns into the tropical semifield 1Z. The set of matrices Mat^+i (JZ) has a 
monoid structure arising in the limit h — > +oo from the monoid structure on the subset of positive 
elements GLf +1 (R^). Note that invertibility automatically holds in the tropical case and thus in 
the following we can identify the matrix monoid Mafy+i(7£) with GLe + i(TZ). 

Consider a principal series representation ir x °^ of GL^ + \{JZ) in Va = Ind^^ 1 ^ of the 

monoid GL^ + i(lZ) induced from a character of the submonoid B^(7Z) of upper triangular 
matrices 

e+i 

>°>/m -TT^o) 

3=1 

where A = (Ai, . . . , A^+i) and X\\ T ) = ex P — «tA, t € R; A G C is a multiplicative character of 7Z 

Xi 0) (r 1 xr 2) = xi 0) (r l) xi° ) (r 2) . 



xt\b) = Hx^(b jj ), beB_(TZ). 
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Example 7.1 The following formulas 



^A 



(0) 



Vi 0' 



• /(r) = f(TXT 2 '/ Tl ) e -*(Ain+A 2 7 2 ) j (7 _ 1Q) 



^A 



^ • /(t) = e-< Al - A2 )( min (°' /3+r »/(-min(-r,/3)), 
define an action of the tropical monoid GL 2 {R) on the space 



(0) fO N 
/3 0, 



Va = Ind^ XA = {f{g) € Fun(GL 2 (K))\f(b_g) = X f '(6_)/( 5 ), 6_ € 



w/iere 

and a, /3, t\, t 2 G 7?.. 



The explicit formulas in the example above can be obtained as a limit of the analogous formulas 
for the principal series representation tt\ of GL 2 (K) acting on Va = Ind^ L f$ X\°^ , where 

Xx{b) = M Xl/H \ h ^\ lX2/h - 

Thus we have 

^(J e ~* a yf(e- hT ) = f(e- h(T+a) ), 

-a ( e 4 ;) • /(e--) = (i + c -»c^))*(^)/ • 

Taking the limit h~ —> +oo we obtain 

4 0) (o ;)-/w=/(^), 

4 0) (o r 2 ) ' /(T) = /(T2 " Tl + T) e" l(AlT1+A2T2) , 

4 0) o) • fir) = e-<^-^)( min (°^))/(-(min(-r^))), 
where in the last case we use the identity 

— min(— a, f3) = a — min(0, j3 + a). 
Thus we recover the formulas (7.10) in the limit h — > +oo. 
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Now we construct elementary analogs of the Whittaker vectors (2.2) entering the construction 
of the matrix element (2.1). Precisely, we would like to construct vectors ip+\x) and ip^\x) in 
Va = Indg^^ 7 ^ satisfying the functional relations 

V^ 0) (xxn + ) = ^(n+)vi 0) (x), y- } (zxn_) = ^ (n^ m (x), n± G N±(K), (7.11) 

where 

<+^(i=Fi) 

^o(n±) = II ^ofeii). (7.12) 
j=i+i(i T i) 

Here i/'oC^) is an additive character of 1Z 

ipo(x) = ®(x), ipo(xi+x 2 ) = ipo {x i)ipo{x 2 ), Xi e U. (7.13) 



Proposition 7.3 The following expressions for Whittaker vectors hold: 

-1-i 

• (0! '- 1 

=i k=i 



^f(r) = n n ®(r k+ i-i,i-r k+i , i+1 ), (7.14) 



i e+i-i 

^\r) = e *£Li£?=i(A*-A fc+ i)fo,i-r< + i,i) J] J] ( Tfe+ . fe _ Tk+l . hk ). (7.15) 

i=i fc=i 

Proof. Recall that all the constructions of [GKLO] are formulated in terms of positive elements of 
GL^ +1 (R) and thus can be reformulated in terms of GLf +1 (M). This allows the definition of the 
h — > +oo limit (see e.g. the derivation of (7.10) above) and so the obtaining of explicit expressions 
for Whittaker vectors as the h—>oc limit of the Whittaker vectors constructed previously (see eqs. 
(3.12), (3.14), (3.15) and (3.16) in [GKLO]) 

i e+i-i 

i>+(T) = exp { - - Yl e Tn + i - i+1 ~ Tn+i - 1 A , (7.16) 

^ it . J 

l = \ 71=1 

Y>_ (T) = exp { I £ £( Afc - \ k+1 )T kji } exp { - \ £ ff e *W.*-^> } . (7.17) 

fc=l i=l i=l fc=l 

Using the variables Tjj(r) = h~ l Tij and taking the limit ft — > oo, we obtain 

V>f(r)= lim V+(T(r)) = ff H e(r fc+i _ M - r fe+M+1 ), (7.18) 

1=1 k=l 

and 

V/ 0) (r)= lim ^-(T(r)) = e^t=i^=i^- A '=+ 1 )( r M-^+M) TT TT @(r k+hk - r k+t ^ k ) . (7.19) 

ft— >+oo -*■ -*■ -*■ -■■ 

1=1 fc=l 



Here we use the following relation 



lim e h e hT = 6(r). 

ft— >+oo 



□ 
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Example 7.2 For £ = 1 the Whittaker vectors satisfying the equations 

4 0) (' °)-^ 0) (r) = e(/3)^(r), 

are given by 

^)( r ) = 6(r), V- } (r) = e^ r(Al ^ A2) 9(-r). 

Indeed we have 

vrf f° ^ • ^ 0) (r) = Vi 0) (r+a) = 9(a)^ 0) (r), r+a = min(r, a). 
For the Whittaker vector tp^ we have 

vrf (° |j)-^ 0) (r) = e -»l(Ai-A 2 )(min(0 1 ^)) e -.(r-(nun(0^+r)))(A 1 -A 2 ) e(m ^ ( _ T))S))) = e(/3)^ 0) (r). 

Let us define an analog of the monoid ml GLf +1 (R) used in the formulation of Proposition 
7.2. We define elements of a submonoid nil GL£ + x(lZ) of GL^ + i{TZ) via the Gauss decomposition 
g = fhn. Precisely we impose the additional condition that / £ N-(1Z + ) where TZ+ is modeled on 
R + with operations x, +. 

Theorem 7.1 (%). From (3.6), the elementary gl e+1 - Whittaker function 



^A 0) fe) = J exp f i A fc ( X r M ~ X rfe - 1 - i ) ) 

j[f(/+l)/2 ^ k = 1 \l=l 1=1 / / 

/ e i e \ e k 

n n ( ri > fe ~ r *+i.fe+i) n - n, k ) n n 

Vi=i fe=i fc=j / fc=i «=i 



(7.20) 



wi/i Xj = T£ + \ t i, i = 1, ...,£+ 1 and Tk,i = for i > k, allows the following matrix element 
representation: 

^f\x) = (^L,^\g(x))^ R ), <?(*) = diagOn,--- ,x e+1 ), (7.21) 
where tpL = 4 ><y + an d 4>R = 4^- are defined by (7.11) and the pairing is given by 

<y>i,V>2}= / d^(r)Mr)Mr)- (7.22) 

Here 

e k 

^ x (r) = ]J W dT kh 
k=ij=i 

is a product of multiplicative measures d/i x (T) = dr on 1Z. 

(ii). The function (7.20) can be naturally lifted to a function on the monoid nd GL£ + i(lZ) satisfying 
the functional relations 

*£Hfgn) = Vtf W "(/)*i%), 9 e ml GL e+1 (R), n G N+(K), f € N_(K + ) 
where ip^ are given by (7.12). 
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Proof. The first part of the Theorem is a direct consequence of the explicit formulas (7.14), (7.15) 
for Whittaker vectors. The second part of the Theorem follows from Proposition 7.2 by taking the 
limit h — > oo. □ 

Example 7.3 Let us directly check the second part of Theorem 7.1 for the simplest nontrivial case 
of 1= 1. The only property that is not obvious is the relation 

((? o) (o I)) « - s <« ((o •)) «• " > ° 

Using the integral representation for the pairing and the explicit form of the Whittaker vectors we 
obtain 

y dre *(Ai-A a )r e( _ r)7r (0)^0 0^ e(r + T2 _ ri)e -<A 1 r 1+ A 2 r 2 ) > 

Taking into account the explicit form of the action 

4 0) (° nV = e-< Al - A2 )( min (°^» /(-min(-r, /?)), 



/3 y 

we obtain the following integral: 

I=[ dTe< Xl - x ^ T e(-T) e- l(Al - A2){min(0 ^ +r+r2 - Tl)) e(-min(-T-r 2 + ri,/3))e^ (AlTl+A2T2) . 

JR 

Let us represent this integral as the sum 

I = Ii + h, 

with 

h = f dre t(Al - A2)T 9(-r) e -<Ai-A 2 )(min(0,/3+r+r 2 -r 1 )) (_ min (_ r _ T2+Tl) ^-.(Am+AaTi), 

Jt<t\— r 2 — /3 

J 2 = / dre t(Al " A2)r e(-r) e -<Ai-A 2 )(min(0,/3+r+^-ri)) (_ min (_ r _ T2+Tl) ^g-^Am+A^) _ 

J T>Tl—T2—l3 

Taking into account the condition (3 > for the first integral L\ we have 

Ii= dre^ Al_A2 ) T e(-r) e -*( A i- A 2)(/ 3 + T + T "2-ri) @(-_^ e -«(AiTi+A 2 -r 2 ) _ q_ 

J r<ri— r 2 — j3 

The second integral L2 is given by 

I 2 = [ dre ,(Al - A2)T e(-T) 0(t + t 2 - Tl ) e -< A i-i+ A 2 T -2) = 

J T>Tl— T 2 — /3 

= f dTe l( - Xl -^ T Q(-T) e(r + T 2 -Ti)e^ {Airi+A2T2) e(r-ri + T 2 + /3). 
./Vote that if r — t\ + r 2 > £/ien obviously r — ti + t 2 + /3>0 lu/ien /3 > 0. 17ms we obtain 
L 2 = [ dTe< Xl ~ x ^ T Q{-T) 9(r + r 2 - r^e-^ 1 ^ 2 ^), /3 > 0. 

JR 

To recapitulate: the elementary g^ +1 - Whittaker functions shall be considered as the 
Whittaker functions over the tropical semifield 1Z. 
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8 From Q p to Qi 



In Section 4 the elementary analog of the Whittaker functions (3.1) defined in Section 3 were ob- 
tained as a limit of the g-deformed Whittaker functions specialized at q = 0. In [GL03], [GL04], 
[GL05] it was demonstrated that the ^-deformed Whittaker functions interpolate the Whittaker 
functions over the Archimedean field K and the Whittaker functions over the non-Archimedean 
fields Q p , p is a prime number. The representation (4.1) can be understood as an expression of 
the non- Archimedean Whittaker functions in terms of characters of irreducible finite-dimensional 
representations of the dual reductive Lie algebra and thus is an instance of the Shintani-Casselman- 
Shalika formula [Sh], [CS]. Note that the Shintani-Casselman-Shalika formula provides an explicit 
realization of the local non-Archimedean Langlands duality in terms of the Whittaker functions. 
The elementary Whittaker functions (3.1) are obtained by further degeneration of the q = Whit- 
taker functions. Equivalently the elementary Whittaker functions can be obtained as the limit 
p — > 1 of the non- Archimedean Whittaker functions. Taking into account Theorem 7.1, the elemen- 
tary gl£ +1 -Whittaker function (3.1) should be formally considered as the gl^ +1 -Whittaker function 
over a mysterious field which we may call Qi. A similar relation holds between elementary L-factors 
(3.23) and non-Archimedean local L-factors. Thus elementary L-factors shall be considered as lo- 
cal L-factors corresponding to Qi. Below we will argue that these local L-factors have a natural 
interpretation over the tropical semifield 7Z considered as a domain of the valuation map for Qi. 
In this Section we briefly discuss this interpretation for the simplest L- functions, leaving detailed 
considerations for another occasion. 

To explain the appearance of the tropical semifield 7Z in the p — > 1 limit of constructions over 
Q p , we first recall the notion of a valuation on a non- Archimedean field. A valuation on a local 
non-Arhcimedean field K is a map v : K — > R such that 

v {x) = o x = 0, (8.1) 
is(x-y) = is(x) + v(y), (8.2) 

v(x + y) > min(z/(x), v{y)). (8-3) 

These conditions can be succinctly summarized as follows. A non-Arhcimedean valuation is a 
partial morphism v : K — >• 7Z of K considered as a semifield (i.e taking into account only addition, 
multiplication and division operations) to the tropical semifield 1Z. The term partial here means 
that the morphism property does not necessary hold for sums of elements of equal norms v. In the 
case of the p-adic field Q p a non- Archimedean valuation can be defined as follows: 

v p (p n a) = n, (p,a) = l. 

Thus the image of the partial morphism v p : Q p — > 1Z is a discrete subsemifield (Z, x,+) € 7Z. 
Note that the valuation v v has a large kernel Z* consisting of invertible p-adic integers. Now we 
can partially clarify what meaning one can assign to a limit of the field Q p when p — > 1. It is clear 
that the field Qi, considered as a semifield, should allow a partial epimorphism v\ onto 7Z. What 
the kernel of v\ is not quite clear. Fortunately many constructions over Q p can be reformulated 
directly in terms of the semifield (Z, x , +) considered as an image domain of the valuation map 
Up. Hence these constructions over Q p allow a limit p — > 1 formulated in terms of the image of v\ 
identified with the tropical semifield 7Z. Below we illustrate this phenomena for the simple case of 
the local L-factors. 
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Let us define a monoid which is a non- Archimedean analog of the monoid GLf +1 (R) introduced 
in [Lu2] and discussed in the previous Section. Define on the set 1Z P = p 1 a monoid structure with 
multiplication and addition 

p ni xp n2 = p ni+n2 , p ni +p n2 = p min ( ni ' n2 ). (8.4) 

We consider the subset GLe + \(7l p ) C GL^ + i(Q p ) consisting of matrices with all entries of the form 
p n , n <G Z. The monoid structure on GLi + i(lZ p ) is defined using (8.4). In the limit p — > 1 the 
monoid GLi + \(lZp) reduces to the tropical monoid GL^ + i(TZ) considered in the previous Section. 

Local non- Archimedean L-factors admit integral representations which can be rewritten as sums 
over a set of points of the varieties defined over 1Z P . Below we illustrate how the elementary local 
L-factors arise as L-functions over Qi. Consider an additive character if> p (x) of Q p 

given by a step-function (characteristic function of the subset 7L p € Q p ) 

^ p (x) = 0(i/p(x)). (8.5) 
Fix a multiplicative character Xs(x) of Q p 

Xs {x ■ y) = Xs(x) X s(y), Xs(x) = p-' v W. (8.6) 
The local non- Archimedean L-factor 

has the following standard integral representation (see e.g. [W], [MaP]): 

oo 

L p (s)= d f i x (x)Mx)Xs(x) = Y,P~ nS = r. -, (8.7) 

where d / u x is the multiplicative measure on Q* for which vol(Z£ ) = 1. Indeed, integrating over the 
fibres Z* of the projection Q* — > p z , one obtains a sum over Z. Taking into account the restriction 
imposed by ip p (x), the sum reduces to a sum over Z>o and reproduces the right hand side of (8.7). 

It is easy to check that the p — > 1 limit of the integral representation (8.7) recovers the integral 
representation of the elementary local L-factors (see (4.10) for t = p~ x , Xj = and I = 0). It is 
instructive to consider the limit of the integral representation (8.7). The limits of the additive and 
multiplicative characters (8.5), (8.6) are multiplicative and additive characters of 1Z 

Mr) = @(r), xi 0) (r) = e— , 

where 6(r) is the Heaviside function 

0(r) = 1, r > 0, 0(r) = 0, r < 0. 

Thus for the integral representation of the elementary L-factor we obtain 

Loo(s) = [ dr^{T)xf\r) = -. (8.8) 
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This is precisely the elementary local Archimedean L-factor (3.19) for I = and A = 0. To 
recapitulate, let us stress that we start with the integral representation (left hand side of (8.7)) 
formulated in terms of Q p and rewrite it in terms of the image of Q p under the valuation map v p 
(the sum representation in the right hand side of (8.7)). Then we take the limit p — > 1 and obtain 
the integral representation (8.8) for elementary L-factor. This integral can be also understood as 
an integral over tropical semifield 7Z of the product of additive and multiplicative characters of 1Z. 
Thus the integral (8.8) over tropical semifield can be formally considered as an analog for Qi of 
the intermediate step in (8.7). 
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